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1. Introduction

With the recent rise in catastrophic disaster losses and result-
ing effect on insurance industry solvency, the insurance market is
increasingly calling for some new mechanisms to provide coverage
against catastrophe risks. One form of solution is through catastro-
phe (CAT) risk securitization by bringing catastrophe exposures di-
rectly to the capital market. Such mechanisms include CAT-linked
bonds, swaps, exchange-traded options and futures, etc. Through a
careful study of the catastrophe-linked securities market, we may
document several interesting stylized facts.

First, the spread premium of CAT-linked securities is very high
relative to the expected principal loss. For example, Cummins et al.
(2004) report an average spread yield of 9.09 times expected loss
for 32 catastrophe bonds issued in the period of 1997-2000 (see
Table 1). Since historical data suggests that catastrophe risk can
usually be looked as uncorrelated with capital market, or more
exactly, amounts to a small fraction of total wealth in the economy,
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the CAT loss securities premium should equal actuarial fair losses
covered by the contract. The fact that CAT bond spread is far above
the expected loss of bond principal is contradictory to traditional
capital market theories. Though it seems CAT bonds spread has
declined over the last decade, the spread magnitude is still quite
large to be reconciled with standard economic models.

Second, it appears that premium spread is more pronounced for
CAT securities with low probability that a contingent loss payment
to the security issuers will be triggered. This may generate a kind
of “smirk” pattern in the cross-sectional plot of the premium to
E[loss] ratio against the probability of first loss (see Fig. 1). As a
comparison, there is no apparent relation between the ratio and
the expected loss percentage conditional on a loss occurrence,
which indicates that the premium implicit in CAT securities is
mainly sensitive to the rareness of catastrophe events.

The third stylized fact of particular interest is about catastrophe
security spread move after a large event. Cummins and Weiss
(2009) find that the market price of windstorm risk increased on
average by more than 50% after 2005 Hurricane Katrina and more
interestingly the increase was even stronger for non-windstorm
related risk. The key puzzle here is that: while a bad hurricane like
Katrina might be expected to change the cost of hurricane-linked
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Table 1
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Catastrophe bond issues (1997-2000 bonds data). The spread premium is the annual coupon rate above one-year LIBOR. The Prob of First Loss is the probability that a
contingent payment will be trigged under the bond. The CE is the expected principal payment proportion to the issuing insurer, conditional on the occurrence of a loss that
triggers payment under the bond, expressed as a percentage of the principal of the bond. The expected loss is the product of the probability of first loss and CE. Prem to
E[loss] is the ratio of the spread premium to the expected loss of principal of the bond.

Date Transaction sponsor Spread premium (%) Prob of first loss (%) CE (%) Expected loss (%) Prem to E[Loss]
March-00 SCOR 2.70 0.19 57.89 0.11 24.55
March-00 SCOR 3.70 0.29 79.31 0.23 16.09
March-00 SCOR 14.00 5.47 59.23 3.24 4.32
March-00 Lehman Re 4.50 1.13 64.60 0.73 6.16
November-99 American Re 2.95 0.17 100.00 0.17 17.35
November-99 American Re 5.40 0.78 80.77 0.63 8.57
November-99 American Re 8.50 0.17 100.00 0.17 50.00
November-99 Gerling 450 1.00 75.00 0.75 6.00
June-99 Gerling 5.20 0.60 75.00 0.45 11.56
June-99 USAA 3.66 0.76 57.89 0.44 8.32
July-99 Sorema 4.50 0.84 53.57 0.45 10.00
July-98 Yasuda 3.70 1.00 94.00 0.94 3.94
March-99 Kemper 3.69 0.58 86.21 0.50 7.38
March-99 Kemper 450 0.62 96.77 0.60 7.50
May-99 Oriental Land 3.10 0.64 66.04 0.42 7.35
February-99 St. Paul/F&G Re 4.00 1.15 36.52 0.42 9.52
February-99 St. Paul/F&G Re 8.25 525 54.10 2.84 2.90
December-98 Center Solutions 4.17 1.20 64.17 0.77 5.42
December-98 Allianz 8.22 6.40 56.41 3.61 2.28
August-98 XL/MidOcean Re 4.12 0.61 63.93 0.39 10.56
August-98 XL/MidOcean Re 5.90 1.50 70.00 1.05 5.62
July-98 St. Paul/F&G Re 4.44 1.21 42.98 0.52 8.54
July-98 St. Paul/F&G Re 8.27 4.40 59.09 2.60 3.18
June-98 USAA 4.16 0.87 65.52 0.57 7.30
March-98 Center Solutions 3.67 1.53 54.25 0.83 4.42
December-97 Tokio Marine & Fire 2.09 1.02 34.71 0.35 5.90
December-97 Tokio Marine & Fire 4.36 1.02 68.63 0.70 6.23
July-97 USAA 5.76 1.00 62.00 0.62 9.29
August-97 Swiss Re 2.55 1.00 45.60 0.46 5.59
August-97 Swiss Re 2.80 1.00 46.00 0.46 6.09
August-97 Swiss Re 4.75 1.00 76.00 0.76 6.25
August-97 Swiss Re 6.25 2.40 100.00 2.40 2.60
Average 9.09
Median 6.77

Source: Cummins et al. (2004).
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Fig. 1. The “smirk” curve of empirical premium spreads against probabilities of
first loss (1997-2000 bonds data).

contracts, there is no reason for prices of non-windstorm linked
contracts to have shifted a great deal. Another interesting point
is that the CAT bonds of lower occurrence frequencies have seen
more increases than those of higher occurrence frequencies.
Among the existing literature, Bantwal and Kunreuther (2000)
may be the first to point out the high CAT bond spread phenomena
and they suggest using behavior economics to explain this puzzle.
But they have not tried to explain the other two facts mentioned
above. In a closely related paper concerning empirical facts about
reinsurance similar to those for CAT securities, Froot (1999) exam-
ines eight potential explanations and concludes that the most com-
pelling explanation is capital supply restrictions associated with
capital market imperfections. Since catastrophe securitization may
help solve the capital scarcity problem, this reason seems not so

suitable for explaining stylized facts with catastrophe-linked se-
curities. In a recent working paper, Dieckmann (2008) adapts the
external habit model of Campbell and Cochrane (1999) to explain
high level and cyclical behavior of CAT bonds spread. But Dieck-
mann’s model also does not explicitly explain the “smirk” pattern
in the cross-sectional plot of the premium spread against the prob-
ability of first loss.

The objective of this paper is to explain more about the empir-
ical facts concerning catastrophe-linked securities pricing by ad-
mitting aversion to ambiguity as well as to risk, we establish an
intertemporal equilibrium model by allowing agents to act in a ro-
bust control framework against model specification with respect
to rare events in the sense of Hansen and Sargent (2001) and Liu
et al. (2005). The intuition behind our specific model is that the
lack of clarity or uncertainty about insurance event occurrence will
lead agents to set premiums high and since the uncertainty results
partly from the scarcity of statistical information, the lower the
catastrophe occurrence frequency is, the higher ambiguity aver-
sion of agents and thus the higher the multiple of premium over
expected loss for the related catastrophe-linked securities will be.
Moreover, we will assume the ambiguity aversion magnitude of
agents depends on the prior aggregate catastrophe losses perfor-
mance, thus all catastrophe-linked securities will be significantly
affected by a large catastrophe event occurrence.

The rest of the paper is organized as follows. Section 2 sets up
the equilibrium model by allowing agents to be ambiguity averse in
the robust control framework. We present explicit pricing formula
in some special cases and Section 3 demonstrates how to use
the derived formula in pricing catastrophe-linked securities. This
section also presents estimation and simulation of the model using
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empirical CAT bonds data and gives a further discussion comparing
our model with several previous related literature. Section 4
concludes. Technical details are collected in the Appendices.

2. Economic model

Our CAT market is based on a partial equilibrium model and we
make the following assumptions to characterize our economy:

Assumption 1. The economy faces risks of catastrophe events and
the catastrophe loss Y; follows dY; = L;dN;, where N is a non-
homogeneous Poisson process with intensity As > 0 and L; is the
random loss amount if a loss occur at time s, which is independent
of Ns. We assume 0 < s < T and Y, = 0 at the initial time 0.

Assumption 2. The economy also faces other catastrophe events
and the aggregate catastrophe losses can be described by a
stochastic process Z;.

Assumption 3. There is a catastrophe risk market where catastro-
phe loss Y; is traded and the market exchanges bundles of state-
contingent contracts that can be analyzed as catastrophe-linked
securities. The catastrophe loss Y; is totally shared by a represen-
tative agent who can be considered as an investor in the insurance
market. For simplicity here all loss payments are assumed to occur
at the maturity time T.

Assumption 4. Besides underwriting catastrophe loss Y; by sell-
ing catastrophe-linked securities, the representative agent also
allocates his wealth in stocks and risk-free bonds. The stock is as-
sumed to pay no dividends and the stock price S; is modeled as
a geometric Brownian motion: dS; = S;(uds + odB;) where the
process By is a standard Brownian motion independent of Y and
Z,, and the coefficients x« and o are respectively the expected rate
of return and the volatility of the stock. The risk-free bond value is
accumulated at a continuously compounded interest rate r. We as-
sume the stock and risk-free bond markets are exogenously given
and the wealth allocation decision of the representative agent does
not affect the stock and bond markets.

Assumption 5. There is no information asymmetry in the catas-
trophe market and the market is “perfect”, i.e., there are no trans-
action costs and taxes.

Assumption 6. The representative agent acts in a robust control
framework and the objective function of the representative agent
at time s < T is defined recursively to satisfy the following
stochastic integral equation

T
UGs) = ;nf{és |:e"(TS) (u(WT)—/ w(U(r),f)dr)“, (2.1)
PeP s

with u(w) = —(1/y)e " and y > 0 being the risk aversion co-
efficient. P denotes the entire collection of alternative probability
measures. p is a discount rate; Wr denotes the accumulated wealth

of the agent at time T. fsT Y (U(t), t)dr is a penalty term that con-
trols the ambiguity aversion magnitude of the agent.

We will focus on the effect of ambiguity aversion only to
catastrophe occurrence. Let P be the reference probability measure
associated with Ys in Assumption 1. The alternative models are
specified by restricting the associated probability measure p by its
Radon-Nikodym derivative with respect to P as &1 = dpP /dP, and
{&,0 < s < T} is a Doleans-Dade exponential defined by & =
1 —I—fos & _(e" —1)(dN, — A.dt) with h, controlling the distortion
magnitude. Note that if N, is a homogeneous Poisson process with
A: = A and if h, = h, then & = exp(hNr)/E[exp(hNr)]. We will
discuss more about this simplified case in the next section.

Unlike that in Hansen and Sargent (2001)and Liu et al. (2005),
we define the penalty term i at time 7 in a more general form as:

YU@), 1) = yU(@)rge (" he — e 4 1),
where g; is assumed to be an increasing and convex function with
g:(0) = 0so that [ y(U(x), 1)dr = [ yU(D)hcge (e h, —
el* + 1)dr is indeed a penalty term. The penalty term (2.2) is
related to the concept of ‘relative entropy’ (see e.g., Appendix B

of Liu et al., 2005) and in Appendix D we show that it is also related
to Gerber-Shiu penalty function.

(2.2)

Example 2.1. If we define g, (x) = go :?ﬁig

function is then reduced to the traditional expected utility function
form E;[e =T~ u(Wr)], in other words, no ambiguity at all.

the objective

Example 2.2. If we define g; (x) = x/a, with a, > 0, the objective
function in (2.1) is then similar to that defined in Hansen and
Sargent (2001) and Liu et al. (2005) with a, > 0 represents an
ambiguity aversion parameter.

For the purpose of describing the dynamic behavior of the
catastrophe risk pricing, we assume that given an initial function
gs(x) at time s, the forward function g; (x) evolves as follows.

Assumption 7. The dynamic behavior of g; (x) is modeled as:

dg: (%) = n1 (7, x)dt + 12(7, 0)dZ;. (2.3)

Example 2.3. If we define g, (x) = x/a,, the dynamic behavior of
g, is then reduced to the dynamic behavior of a,. For example, we
may assume it as da, = p(t, a;)dt + p2(7, a;)dZ,.

Remark 2.1. The parameters 71, 1, should be chosen so that g,
keeps being an increasing and convex function with g, (0) = 0(this
condition for Example 2.3 is that o1, o, are chosen so that a; is kept
as positive).

Now we consider the wealth process of the representative
agent. We assume the representative agent starts with an initial
wealth w at time 0 and receives premium of mc at that time to
underwrite a proportion of catastrophe loss Y, with ¢ denoting the
price of the insurance covering total catastrophe loss between time
0 and time T and m denoting the proportion the agent underwrites
in the full insurance. All loss payments are assumed to occur at time
T.Atanytime 0 < s < T, the agent is assumed to invest 775 in stock
and the remaining asset in risk-free bond respectively.

The agent’s wealth process W; (0 < s < T) hence follows

dWs = [rWs + (u — r)7slds + o sdB;
Wy = w + mc,

and we have Wy = Wr_ — mYr.
With (2.2) and other above specifications, we may rewrite (2.1)
as

UGs) =UW,s,y,m,g)

T
inf {E{e‘“”)(u(wr)— / YA U(T)g:
{hr >0} s

x (hyet — et 4 1)dr)

W; =W, Y; :yi| }, (2.4)

and define the indirect objective function J by

JG) =]JW,s,y,m,g)= sup UW,s,y,m,g).

{mr,s<T<T}
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The corresponding HJB equation for J is then given as follows:

Ts

1
SUP{Js —p] + (u—nrdw + EGZWSZJWW + rWw

|- dy; dz,
+ inf{Es[J[W,s,y+ —,m, g +n1 + 11—
hs ds ds

—J(W,s,y,m, g) — yhsgs(hse™ — e + 1)1} ” =0, (25)

where J; is the derivative of ] with respect to s; Jy, Jww are its first
and second derivatives with respect to W; the terminal condition
isJ(T) = — exp(—y (W — my)).

In general, there is no explicit solution to Eq. (2.5) and we are
unable to get a general analytic pricing formula for catastrophe-
linked securities. We will give an approximating numerical illus-
tration of the dynamic behavior of CAT bonds prices in the next
section. For that purpose we make simplifying assumptions here
that g; is the same during the time period [0, T] with g = g
(i.e., we assume 71, 1, in Example 2.3 as zero). In this special case
the equilibrium price can be given by the following closed-form
formula:

Proposition 1. In equilibrium and under Assumptions 1-6 and
above assumption about g, the price of catastrophe risk {Y;} between
time 0 and T is given by

T
c= e_rT/ e A E[Lse’]ds (2.6)
0

with h¥ satisfying W = hrg'(hrels —el + 1), in which My, de-
notes the moment generating function of L; and g’ denotes the deriva-
tive of g.

See Appendix A for proof of Proposition 1.

Remark 2.2. In the above discussion, we have used exponential
utility function for convenience, i.e., we assume the absolute risk
aversion coefficient as a constant. As is well known, the absolute
risk aversion coefficient y of a representative agent should be
decreasing with the agent’s wealth w. For later empirical test, we
assume y = y/w with y being a risk aversion coefficient with
more sensible meaning.

Remark 2.3. From the pricing formula (2.6), we find that it is
independent of the stock return. In other words, the behavior
of stock market has no effect on CAT risk market. The rationale
of this phenomenon is due to the assumption that catastrophe
risk is independent of the stock risk and the behavior of our
representative agent has no effect on the stock and risk-free
bond market. Cummins and Weiss (2009) recently gave evidence
that CAT bond returns are significantly correlated with other
financial market during the subprime crisis period. One possible
explanation of this phenomenon by our model is that a subprime
crisis may change the ambiguity aversion magnitudes of all agents
in the economy, including the representative agent in our pure
catastrophe risk market.

Remark 2.4. The above discussion has assumed that the contract
exchanged covers a proportion of total risk but by augmenting new
types of contingent claim contracts in our model we will have the
same equilibrium pricing formula as given in Proposition 1. See
Proposition 3 in the next section for a valuation formula of more
general catastrophe-contingent securities.

3. Catastrophe-linked securities pricing

3.1. More pricing formulas

We make further simplifying assumptions that the catastrophe
risk process Ys; is a homogeneous compound Poisson process
with As; being a constant A and L; being described by identical
probability distribution function, Pr(L; < x) = F;(x) where F;(x)
denotes the probability distribution function of a random variable
L, Proposition 1 can then be simplified as follows:

Proposition 2. In equilibrium and under above assumptions, the
pricing formula (2.6) then becomes

c=e TretE[Le"MT, (3.1

with h satisfying % hg'(he" — e + 1). The pricing
formula (3.1) can also be rewritten as an expectation with respect
to an equivalent martingale measure (EMM) Q in the following
equivalent form:

Yr + hN
c=E§[e’TYT]=E[erTY exp(y¥r + iNr) ] (32)

"Elexp(y Yr + hNp)]

with the Radon-Nikodym derivative of Q with respect to P being
given by dQ /dP = exp(yYr + hNr)/E[exp(y Yr + hNr)].

See Appendix B for the proof of Proposition 2.

Remark 3.1. Notice that if h becomes zero, i.e., the market shows
no ambiguity aversion, the form of dQ/dP is reduced to the
traditional Esscher transform, which has been used for a long time
in insurance and finance pricing (Biihimann, 1980; Gerber and
Shiu, 1994, 1996). The difference between the pricing kernel here
and the traditional one is that we augment an Esscher transform
applying only to Poisson process Ns to represent the ambiguity
aversion of the agents.

Remark 3.2. It is well known that the traditional Esscher trans-
form can be derived by a kind of relative entropy minimizing mar-
tingale measure (see, e.g. Esche, 2004, for a thorough introduction).
Proposition 2 shows that Esscher transform is also related to the
robust control theory when the penalty term is defined by a func-
tion of relative entropy of the ambiguity distorted probability mea-
sure with respect to the original one. The difference is that with
the entropy minimizing martingale measure the non-singleton set
of equivalent martingale measures arises from the market incom-
pleteness while in the setting of robust control theory, the multi-
plicity of measures is due to the ambiguity of agents.

Now we apply the pricing kernel derived above to the pricing
of more general catastrophe-linked securities. These kinds of
securities may be looked as derivatives contingent on catastrophe
losses. Let ¢ be a measurable function that specifies the payoff at
maturity to the buyer of the catastrophe-linked securities, i.e., at
time T the buyer receives ¢(Yr). The following proposition states
the valuation formula for catastrophe-linked securities.

Proposition 3. Under above assumptions, the price of a contingent
claim at time 0 with payoff ¢(Yr) at time T is given by

exp(yYr + hNr)
[exp(y Yr + hNr)]

c=Edle (Y] =E [e‘%(m B } . (33)

The above result can be derived either by augmenting the new
types of contingent claim contracts in the equilibrium model in
Section 2 or by using no arbitrage principle directly.



42 W. Zhu / Insurance: Mathematics and Economics 49 (2011) 38-46

3.2. Catastrophe bonds pricing and empirical test

We now apply formula (3.3) to catastrophe bonds pricing. We
assume for convenience of discussion that the form of CAT bond is
described as follows:

The CAT bond is priced at p, which denotes the bond principal.
If the loss for a single CAT event in the period (t, t + 1) is less than
a loss trigger By, the agent will get back his principal p, and spread
premium plus interest p(e" — 1 + 7) at maturity time t + 1, in
which T denotes the spread premium rate. Once a CAT loss exceeds
the trigger, the agent will forfeit some or all the principal at time
t + 1. The loss fraction fj, of the principal is in proportion to the
conditional loss L in the range between the trigger B, and a cap
B, and is given by f;;, = Max[0, Min(L — By, B, — B1)]/(B2 —
B1). We assume the spread premium plus the risk-free interest
is guaranteed no matter whether any principal loss occurs. The
expected value of the bond principal loss proportion is denoted
as .

The ratio of the spread premium Tto the expected principal loss
lis then given by the following proposition.

Proposition 4. Under above assumptions, the ratio of the spread
premium to the expected principal loss proportion (i.e., the ratio of
the modified expected principal loss to the expected loss) of the above
CAT bond is given by

(1 — e *"MONE(f e
(1 — e ™ME[fi2IML(y)

I 34
= (34)

See Appendix C for proof of Proposition 4.

With convexity assumption of the function g, h is always
positive and the ratio derived in Proposition 4 has following
properties:

Property 1. The ratio is larger than 1, i.e., there is a risk and ambigu-
ity aversion loading for taking the catastrophe risk.

Property 2. When A is very small, the following approximation
formula holds:

(1= e "M)Efer!]

(1 — e ME[fi2IML(y)
_ Ae"Mi(y)Elfie”™]  e"Elfize”"]
T MElfelMi(y)  Elfel

7_
=

(3.5)

From Eq. (3.5), we can find that the spread premium emerging
from risk aversion is relatively small and is not important for
CAT bond pricing. For example, if we assume the risk aversion
coefficient = 2 and catastrophe loss L as a constant with its
shock to the wealth of the representative agent L/w being about
5%, the spread premium ratio emerging from risk aversion in (3.5)
may approximately be estimated as

E[leeVL] L 5L
—E Yl — e’ w
Elfa] =€

So in later paragraphs, we will focus on the effect of ambiguity
aversion and assume the market is risk neutral to the catastrophe
risk, in other words, we will assume y = 0 later. Under this
assumption, the formula (3.5) then reduces to ; ~ e" with h
satisfies E[L] = hg’(he" — el + 1).

We now assume the solution of h for the equation E[L] =
hg’(he® — e" + 1) can be expressed as 8 = ¢ (E[L]) and with the
convexity assumption about the function g, it can be proved that
¢1 is an increasing function.

~ 1.1. (3.6)

Example 3.1. If we choose g(x) = x/a as that in Example 2.2, we
then have h = ¢ (E[L]) = aE[L].

We find the traditional penalty function in Example 3.1 is too
weak to fit empirical test. In the following empirical test we choose
another specific function g so that

h = ¢1(E[L]) = In(1 + A (E[L])™),

where A; > 0and A, > 0 are two parameters dependent on g that
measure the ambiguity aversion of the representative agent. The
approximating formula for the spread premium to the expected
loss ratio then becomes:
; ~ el = 1+ A E[LD™. (3.7)
Given the lack of empirical data for E[L], we are unable to
directly apply the formula (3.7) and thus are forced to assume a
functional relationship between E[L] and the probability of first
loss 1 — e~ because the later data is usually available. It is well
known that for catastrophe risk, there is a converse relationship
between the conditional expected loss and catastrophe occurrence
probability. The relationship is usually called power law in natural
disaster science (see, e.g. Newman, 2005) and is written as E[L] =
¢1(1 — e *)~s2 with ¢y, ¢, being two positive constants given
by the nature of the catastrophe. With this relationship, the
approximation spread premium ratio (3.7) then becomes:
é“ e =1+ A (1 —e )™ (38)
We can find that the parameter A affects the agent’s ambiguity
aversion for all kinds of catastrophe risks in the same way, whereas
the parameter A, affects ambiguity aversion for lower frequency
risks more than for higher frequency ones. Since both A; and A,
are positive, we have the following property for the approximation
ratio:

Property 3. The approximation ratio of the spread premium to the
expected principal loss e is a decreasing function of the probability of
first loss (1 — e™).

Property 3 shows that our model does help explain the second
stylized fact in the introduction. With the above approximating
formula (3.8), we now turn to calibrate our model to match
empirical data. The data is from Table 1 with 32 CAT bonds issued
between 1997 and 2000. Without loss of generality we will assume
¢1 = 1, ¢ = 1 for convenience later and our following empirical
test has already adjusted the risk aversion effect with the spread
premium ratio magnitude of about 1.1 emerging in Eq. (3.6).

Lacking enough data for a single year, we will use data of all
CAT bonds issued in the period 1997-2000 for empirical fitting. By
using intertemporal empirical data we have neglected the bonds’
intra-year pricing shift. But if we use secondary market data at a
fixed time instead to get a contemporaneous view, we will be at
the risk that the occurrence probability data (which are estimated
when the bonds were issued) have shifted. We may use these
intertemporal data here because there is no large price fluctuation
in catastrophe insurance market during this period.

The in-sample regression shows that A; = 0.1801 and A, =
0.7558. Fig. 2 shows the calibrated result estimated by our model
as well as the adjusted empirical ratio of premium to expected loss
against the probabilities of first loss. The R-square of the regression
is about 0.81 and it can be seen from the graph that the calibrated
result provides an adequate fit to the observed data.

We now turn to examine the model’s dynamic performance.
We will add a time indicator or subscript to the letters later to
represent their dynamic properties. Since we have been unable
to get a closed-form solution for the general continuous time
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Fig. 2. The calibrated and empirical ratios of expense-adjusted premium spreads
to expected loss against probabilities of first loss (In-sample fitting to 1997-2000
CAT bonds data).

case, we will approximate the continuous time Eq. (2.3) by its
corresponding discrete time model. Assuming an appropriate
discrete dynamic behavior for g, (which denotes the corresponding
g attime t), we may write the discrete stochastic dynamic behavior
of A(t) = (A;(t), Ay(t)) as follows:

A(t) = Do + HAL — 1) + 2AZe_1, (3.9)

where ¥y and ¥, are two constant 2 x 1 vectors, ¥ is a constant
2 x 2 diagonal matrix, and AZ;_1 = Z; — Z;_1.

With constant assumption of ambiguity aversion parameters
over the interval (t,t + 1), the approximation ratio of spread
premium to the probability of first loss of the CAT bond for the
interval is then given by et = 1+ A;(t)(1 — e™*)~%2®_ We thus
have the following Property 4 to describe the dynamic behavior of
the CAT bonds pricing:

Property 4. The dynamic behavior of the approximation ratio of
spread premium to the expected principal loss is described as below:

et —eM-1 = Ay (t)(1 — e ™0
— Ayt = (1 —e )R, (3.10)

in which the dynamic behaviors of A,(t) and A,(t) are described by
Eq. (3.9).

Lacking enough data, we still cannot apply the above dynamic
model to empirical analysis. So we will only do some simulation by
assuming that the vectors ¥y and ¥, and matrix #; are as below:

0.03 07 0 0.01
Do = <o.09)’ 0 = (o 0.7)’ U2 = (0.01)'

We further assume that the aggregate catastrophe loss is de-
scribed by

N
Az =Lo+) L
i=1

where Ly is lognormal distributed with parameters (0, 1), N is Pois-
son distributed with intensity X = 0.03 and Ii,-, i > 1 are iden-
tically lognormal distributed random variables with parameters
(2.5,0.7). At original time 0 we assume the ambiguity aversion pa-
rameters are A;(0) = 0.1801 and A,(0) = 0.7558.

Fig. 3 shows a simulated path of the aggregate catastrophe
losses AZ; from time O to time 17. It shows that there is a large
catastrophe occurrence at time 5 and at other times the aggregate
losses are relatively small.

Fig. 4 shows time series of the ratios e” for the CAT bonds with
probability of first loss (1 — e™) = 0.01 based on the model and
the above specified parameters and we can see that there is a price
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Fig. 3. S_imulated aggregate loss process AZ; based on the assumption that AZ; =
Ly + ZL L;, in which Lo is lognormal distributed with parameters (0, 1), N is

Poisson distributed with intensity % = 0.03 and I~.,», i > 1is identically lognormal
distributed with parameters (2.5, 0.7).
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Fig. 4. The time series behavior of the premium spread to expected loss ratios for
the CAT bonds with probability of first loss (1 — e™) = 0.01 based on the model
assumption and aggregate catastrophe loss simulation in Fig. 3.
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Fig. 5. The premium to expected loss ratios against probabilities of first loss based
on the model assumption and aggregate catastrophe loss simulation in Fig. 3: Time
5 vs. Time 6 vs. Time 7.

jump at time 6, which indicates that the prices are significantly
affected by the large catastrophe occurrence at time 5. Price trend
after the price jump at time 6 is slowly down. The reason is that
our dynamic model incorporates a mean reversion assumption.
Fig. 5 illustrates the price changes during the time 5 to time
7 based on the model and parameters assumption. As the graph
shows, there is a price jump for catastrophe bonds with all kinds of
occurrence frequencies from time 5 to time 6. An interesting fact is
that the CAT bonds of lower occurrence frequencies have increased
by more than those of higher occurrence frequencies. The reason is
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that by our model assumption, the ambiguity aversion magnitudes
have increased more for catastrophe risks of lower occurrence
probabilities than for those of higher occurrence probabilities and
the curve of spread premiums to expected loss ratios is getting
slightly steeper around a large catastrophe event. The above
specific model simulation does illustrate the third stylized fact
mentioned in the introduction.

3.3. Further discussion

Our specific model tries to apply ambiguity aversion and robust
control theory to explain empirical facts concerning catastrophe
securities pricing. The concept of ambiguity aversion is not new
to actuarial professionals. The literature on credibility theory,
for example, provides a framework examining the effect of
learning the imprecise knowledge about insurance fundamentals
by successive approximations (Bithlmann, 1970). But in dealing with
CAT risk, this kind of learning or approximating model may not
work given that CAT events are very infrequent and learning seems
impossible in this setting.

In our current robust control settings, the perspective of a
decision maker differs substantially from that of one who learns.
The agent accepts model misspecification as a permanent state
rather than using data to improve his model specification over
time. The agent is assumed to deal with model uncertainty as
follows: First, having noticed the unreliable aspects of reference
model based on existing information, he evaluates the future
prospects under alternative models. Second, acknowledging that
the reference model is indeed the best statistical characterization
of the available information, he penalizes the choice of alternative
models by a distance function measuring how far it deviates
from the reference model. On the other hand, an agent in the
framework of credibility theory balances between the past claim
experience and an estimator from other information, but does
not show ambiguity aversion to the inaccuracy of the experience
information. Our previous discussions illustrate that the ambiguity
aversion assumption does help explain the stylized puzzles about
catastrophe risk pricing.

As mentioned in the introduction, Froot (1999) has argued that
the puzzles concerning CAT reinsurance are instead due to some
form of capital market imperfection. He lists several underlying
causes driving to the imperfection and concludes that the most
compelling reason is that the information asymmetry between
shareholders and mangers of reinsurance companies drives up
capital cost and prevents reinsurers to raise external capital to
do catastrophe reinsurance business. Since by catastrophe risk
securitization, we may effectively take the catastrophe reinsurance
out of corporate form and thus completely eliminate managerial
discretion and misbehavior, this inefficient corporate form reason
may not be used to explain empirical puzzles for catastrophe-
linked securities.

Another alternative approach that may help explain the high
level of CAT bond spread and several other empirical facts is Dieck-
mann (2008), which adapts Campbell and Cochrane (1999)'s ex-
ternal habit model to include the effect of catastrophe risk. It is
therefore important for us to understand what new insight our
robust control framework model may add to the external habit
model. Liu et al. (2005) has shown that Campbell and Cochrane’s
habit model may not generate the option smile pattern, therefore
we may reasonably conjecture that it is also not easy for the exter-
nal habit model to explain the second stylized fact mentioned in
the introduction though the rich dynamic properties of the habit
model may help explain many other behavior of catastrophe bond
spread. Another possible advantage of our approach is that we ap-
ply a partial equilibrium model and so avoid the worry about the
consistence problem a general equilibrium approach may incur to

calibrate all economic phenomena in a single model. Cummins and
Weiss (2009) shows that during the normal period prior to the sub-
prime financial crisis, CAT bond returns have almost no correlation
with returns of alternative financial investments. The data set in
the period of course already includes the event of Hurricane Kat-
ring, so it seems reasonable to deal with pure catastrophe risk in a
partial equilibrium framework. The significant increase of the cor-
relation of the CAT bonds with other financial instruments during
the subprime crisis period is not due to a natural disaster and as
mentioned in Remark 2.3, our ambiguity aversion model may give
some insight of explaining this interesting phenomena.

The difference of our approach from Liu et al. (2005) is that we
have injected the aggregate catastrophe loss as an exogenous factor
to affect the ambiguity aversion magnitude of the representative
agent. In Liu et al. (2005), the ambiguity aversion magnitude is
a constant so their model is in essence still a static one. In our
model, the shock of the aggregate catastrophe loss is assumed
to be correlated with the ambiguity aversion magnitude and this
assumption can be used to explain the cyclical behavior of CAT
bonds spread. Our dynamic specification is in conjunction with
the discussion in Cummins and Weiss (2009), which ascribes the
CAT bond cycles to two primary factors: (1) Increasing uncertainty
about the accuracy of loss models following a large event, and
(2) time lags in the development of expertise required to
participate in the CAT bond market following a surge in demand.
Both factors may be seen as equivalent to more ambiguity aversion
of the representative agent after a large event occurs. Another
difference of our approach from Liu et al. (2005) is that we have
introduced a more general penalty function form which may be
chosen to fit empirical test. We find that ambiguity aversion
premium emerging from Liu et al.’s penalty function choice seems
too high for empirical test of catastrophe bonds data. Moreover,
the power utility function chosen by Liu et al. (2005) seems not
so suitable for the discussion of natural catastrophe shock in our
model.

4. Conclusion

Motivated by several stylized facts concerning catastrophe-
linked securities, we propose an intertemporal equilibrium model
by allowing agents to act in a robust control framework against
model misspecification with respect to rare events. There are
several extensions to our current investigation.

First, we have considered the issue of uncertainty aversion in a
robust control framework and thus envision the model misspecifi-
cation as a permanent psychological characteristic of the decision
maker. On the other hand, an agent may learn the model through
successive approximations. Cummins and Weiss (2009) shows that
the empirical CAT bond spread has declined over time and this phe-
nomenon can also be noticed in Fig. 3 generated from exogenously
given dynamic assumption in our model. It would be an important
extension to incorporate forms of learning, for example, the cred-
ibility theory, into our framework to give an endogenous explana-
tion of the assumption.

Second, we have used issue prices during the period 1997-2000
as the empirical data for fitting, which is at the risk of losing intra-
year shifts in pricing. But using secondary market data instead to
get a contemporaneous view will be at the risk that estimated
loss data has shifted. It will be a challenging problem to get the
updating of the probability of first loss as well as price data to test
the dynamic behavior of our model.

Thirdly, we have introduced a more general penalty function
form than that in Hansen and Sargent (2001) which can be chosen
to fit empirical test. But the general penalty term introduced here is
still a function of the relative entropy which measure the distance
between the reference and alternative model. It will be very
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interesting to generalize the penalty function to a form of more
practical interest. A potential choice may be related to the expected
discounted penalty function introduced in the seminal paper of
Gerber and Shiu (1998), which has many tractable analytical
properties. In Appendix D we give a possible connection of the
Gerber-Shiu penalty function with the penalty term (2.2). See for
example Gerber and Landry (1998) and Lin and Wang (2009) for
application of the Gerber-Shiu penalty function to the pricing of
perpetual put options.

Finally, our equilibrium model exploits a representative para-
digm. The representative agent is assumed to underwrite the total
catastrophe risk and thus there is no insurability problem in our
model, but just as Gollier (2005) pointed out, an insurability prob-
lem may occur if agents in the economy are different. An introduc-
tion of heterogeneous agents might result in new insights about
the role of robust control theory in catastrophe insurance research.
It would be a very interesting topic to study the idiosyncratic de-
grees of agents’ ambiguity aversion and its effect on insurance cov-
erage window and the window shift after a large catastrophe event
occurs.
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Appendix A. Proof of Proposition 1

With assumption that g; = g, the H]B equation (3.5) is reduced
to:

1
sup [Js —pl + (n —N)dw + Eaznszjww + r'Wiw

Ts

. dy.
+ iflllf{Esj (w, s,y + d—;, m,g> —JW,s,y,m,g)

—hsyg(1+ e (hy — 1))]” =0.

The maximum of the equation is achieved at 7 = — (’%5) ﬁ
We conjecture that the indirect function | is of the form
JW,s,y,m,g) = V(W,s)e"™f(s, m,g) where V(W,s) is the

usual value function defined as
V(W,s)

1 —r1)?
= ——exp (—yWe'”*” e P - s)) :
y 202
which satisfies the traditional H]B equation
(=17 Vg

Ve — pV + Wiy — =0, (A1)

202 VWW

and f = f(s, m, g) is a time-dependent function.
Inserting the expression for J and 7" into the H]B equation, we
can rewrite the equation as

_ 2 V2
Vof + Vf, — pVf — %ﬁf + WV f
+ inf{Ae"V My, (my) — Df (s, m, £)

—syg(1+e"(hy — 1)Vf} = 0.

Since the value function V satisfies Eq. (A.1), the first, third,
fourth and fifth terms cancel and canceling V < 0 from the
remaining terms yields the following partial differential equation
for f

fi+ sgp{kse“s (Mg, (ym) — 1f

—syg(1 +e"(hy — 1))f} =0,

with boundary condition f (T, m, g) = 1.

With the increasing and convexity assumption about the
function g, the maximum of Eq. (A.2) is achieved at h] which
satisfies:

My (ym) — 1= yhig'(h¥el — e 4+ 1).

(A2)

The solution of (A.2) at time 0 is given by

T
fO,m,g) = exp( / [Ase“?‘ (Mi,(ym) — 1)
0

—Asyg(1+ e (nF — 1))]ds),

the indirect utility function J at time O withW = w 4+ mc,y = 0
is thus given by

J(w +mc,0,0,m, g)
= V(w + mc, 0)f (0, m, g)

)
w=r

202 T

1 T
= ——expy —y(w+ mc)e” —
14

T
+ / Dheel™ (M, (ym) — 1) — Asyg(1 4+ €% (hF — 1)]ds .
0

(A3)

The first order condition for m (the second order condition also
holds) in Eq. (A.3) gives the following equation for the optimal
insurance proportion m*:

T
c= e_rT/ e ) E[Lse? ™5 ]ds.
0

Since in equilibrium the market is cleared and the representa-
tive agent will accept total catastrophe loss under the equilibrium
price, in other words in equilibrium we should have m* = 1, the
last equation thus simplifies to (2.6) in equilibrium and the equi-
librium price is thus given by Proposition 1.

Appendix B. Proof of Proposition 2

Proof of Formula (3.1) is direct. Formula (3.2) is just the
modified expected value of Y; under the equivalent probability
measure Qr. The corresponding moment generating function of the
random variable Y7 under the new measure Qr can be calculated as

E[exp((y + 2)Yr + hNr)/E[exp(y Y1 + hNp)]]
= exp[A(M(y + 2)e" — 1)T1/ exp[A(My(y)e" — DT]

_ h ML()/ +Z) _
= exp |:AML(a)e (71\/&()/) 1) T] .

Hence Y7 under the new measure is again a compound Poisson
process, with modified Poisson parameter AM;(y)e" and loss
amount becomes a random variable whose moment generating

function is M“L)Z) The modified expected loss amount can then
be calculated as

L(
M (y



46 W. Zhu / Insurance: Mathematics and Economics 49 (2011) 38-46

§ (o) e
dz M. () o M. (y)

Therefore formula (3.2) is given by

o= E|: _., €xp(yYr + hNr) ]
"Elexp(y Yr + hNp)]
yL
M. (y)
which is exactly formula (3.1).

ert
=E|L .
z=0 |: ML(V) ]

= e Tre"M,(y)E |:L ] T = e TAe"E[Le?!]T,

Appendix C. Proof of Proposition 4

The loss fraction fi, of the principal is given by
fi2 = fi2(L) = Max[0, Min(L — By, B, — By)]/(B2 — By)
= (Max[0, L — B1] — Max[0, L — B>])/(B2 — By)
= ((L —By)4+ — (L — B2)4+)/(By — By).
Thus the cash flow the agent gets back at time t + 1 can be
described as
@YD) =p- € +1—1(Ny > 0)fia(L1)),

where I is an event indicator function, L; denotes the first
conditional catastrophe loss. The probability that at least one
catastrophe loss occurs in the period is given by E[I(N; > 0)] =
(1 — e™*). The mean of the bond principal loss proportion is thus
given by [ = E[I(Ny > 0)fi2(L1)] = (1 — e ")E[fi2].

Now we apply the equivalent martingale measure Q = {Qs}
in Proposition 3 instead to price the above CAT bond. The basic
equation can be written as:

p=E%p-e (" +1—I(N; > 0)fin(L)],

from which we can get the formula to calculate the spread pre-
mium as below,

I = Elexp(y Y1 + hN)I(N; > 0)f12(Ly)]/E
x [exp(y Y1 + hNp)], (C4)
which can be calculated as

;1= e P MOE, (e

M (y) ’
thus the spread premium to the mean principal loss ratio is as given
in Proposition 4.

Appendix D. A connection between the Gerber-Shiu penalty
function and the penalty term (2.2)

Define a special Gerber-Shiu penalty function as
¢ (u; w(x), V)
= E[w(V(5)(s<o0}|V(0) = u, the loading factor is 9],
with S denoting the ruin time and V (t) is interpreted as an insurer’s
surplus at time t; then we have
1 M(y) -1

0;e ", ¥) =
PO = Ty

(D.5)

See, e.g., Bowers et al. (1997, Chapter 13) for a proof of
(D.5). In the robust cqntrol framework, people consider distorted

probability measure P = (155), and under this new measure, the
fair premium rate should be Ae"E[L]. But under the old measure,
the fair premium rate is AE[L], so we have (1 + ¢) = e ™". With h
satisfying % = hg’(he" — e + 1) in Proposition 2, we have

1 Mi(y) -1
(1+D)E[L] 14

1
= —ehg’(he"
E[L]

$(0; 77, 9) =

_eh+ 1)

_i h _ Lh /
= gjlethe’ —e"+ 11

Since in the robust control framework, the penalty term is
defined as

¥ (h) = yUirg(he' — et + 1),

It seems that the optimal distortion factor h is chosen so that the
marginal penalty term is just a multiple of the special Gerber-Shiu
penalty function, or more precisely,

¥/ (h) = yUr[g(he" — e" + 1) = yUAE[L]1$(0; e 7%, 9).
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