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Extended List of Group-Buying M arkets Surveyed

Business-to-Consumer Markets in the US:

Online Choice: http://www.onlinechoice.com/home/default.asp

McNopoly.com: http://www.mcnopoly.com/

e.Conomy — PreiceWaterhouseCoopers. http://www.pwcglobal.com

The Happy Many: http://www.happymany.com/index_en.html

The Buying Group: http://www.the-buying-group.com/

LetsBuyit.Com (UK, Germany, France): http://www.letsbuyit.com/

Chennai Online Bazaar (India): http://www.chennaionline.com/services

Cian.com — (A German group-buying directory):

http://www.ciao.com/kategorien/1,202643,218630,55164.html

From Egypt.Com [ Egyptian group-buying Market]:

http://groupbuy.fromeqypt.com/users/Default.asp




IP Circles: http://www.contractsxml.org/ecap2000/students/FINAL/f-marko-

new/page3.html

Clust.Com [French Consumer Market]: http://www.clust.com/

Business-to-Business Group-Buying Markets

Independent Restaurant Purchasing Group (US):

http://www.independentrestaurants.com/

MaxGroup (US): http://www.maxgroup.com/Services/b2b_fremont.htm

Group Buying Partnership (UK): http://www.groupbuying.co.uk/

StockBuzz.Com: (Thailand): www.stockbuz.com

HCIS Group Buying: http://www.hcis.org/groupbuying.htm (B2B Health care

services).

The Printing Industries of New England: http://www.pine.org/M S/groupbuying.htm

Printing and Graphics Communications A ssoci ation:

http://www.pgca.org/pages/groupbuy.htm

Printing and Imaging Association of Mid-America:

http://www.piamidam.org/groupbuy.php

BuildByte Construction Portal [Indian]: http://www.buildbyte.com/

ShopeMates [group-buying enabler]: http://www.shopmates.com/

BazaarE.com - Group buying services for businesses (and consumers):

http://www.blonnet.com/busi nessline/2001/05/03/stories/150339j 1.htm

Group-Buying Practices in Non-Profit Organizations

The Maryland Public Service Commission: http://www.md-electric-

info.com/index.html




APPA: American Public Power and Environmental Agency

http://www.appanet.org/about/why/aggregation/f buyingpower.pdf

The Center for Non-Profits: http://www.njnonprofits.org/groupbuy.html

Master Source Corp. : http://www.mastersourcecorp.com/




M athematical Proofs and Derivations

Generalization of High and Low Demand Regimes

The generic demand function is: Under the high and low demand regimes, the
demands are givenby: q=4,- mp and g =4 - mp.Without loss of generaity, we
normalize mto 1 and the resulting demand curves are given by

q=a,- p andq=a - p.

Figure 1: (A) The monopolist attempts to set the higher of the two price points from

the high demand regime. (B) The higher price point is captured from the low demand
regime while the lower price point is captured from the high demand regime.
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Lemma 1: The seller’ stotal revenue in expectation when he chooses the higher price
point from the higher demand regime is given by:

p* éo&’ pl)’(qzi pz)a:@

and the optimal price P" is given by: (0.2)
P* = M
4
Proof:



When the seller picks price-quantity schedules ( p,,q;) and (p,,d,), the price that the

buyers facein either demand regimeis p, since the seller cannot stop the price from
diding down to p, when the higher demand regime is realized.

Revenue to the seller from this price level is given by:

1 1
p(P:)=5Pa(a - P)*+ Pa(a- o)
Taking First Order Conditionsw.r.t. p,

T .\ _
A = -2p. =
_ata, T p —
p y =-2<0
p2= 2 [ 0% ]
(a+a,)
Vo (e)=
Which compl etes the proof.
Lemma 2: The optimal revenue to the seller under this pricing schedule is given by:
2
3 L& 3
P g p). (% 92)8—%
and the resulting prices are:
p, = a“ andp, >— a,
Proof:

If & <ah(x/_ ) it can be shown easily that the seller will ignore the sales from the

low demand regime (should it be realized) and pick a price that maximizes the total
expected revenue from the high demand regime. This price and revenue in this case
2
ah 2

aregivenby: p, = p, =andp, gpa), (pz’qz)l@l:?

When g 2 a, (\/5 - 1) the seller can pick the profit maximizing price in either demand

regime and ensure that the price in the other demand regime is maximized subject to
the constraints. This leads to two possibilities. Pick a price in the high demand regime
and adjust the price in the low demand regime or vice versa. We will prove the result
using the first option here. It can be shown easily that the same result is arrived at
when using the second option.

Revenue in the high demand regimeis given by:



%

p(p.)=p(a- p.)P P, >

2

Ve (p)=

L et the price in the low demand regime be given by: p, = p, + X

The unconstrained optimum price in this demand regime is given by:

pl* = % and the unconstrained maximum revenue is given by:

2
p(R) =5

Let the constrained optimum price be given by: p,

It is necessary that p, 3 p, for the group buying mechanism to work.
\ Letp, =p,+x

p(p)=(P.*X)(a- p.- %)

We consider two cases. Case 1. aiE>ah
Taking First Order Conditionsw.r.t. X: '|111_p =g - a,- 2X
X
Substituting for p, =%
‘ :wh;+x(..j& - i_ XO
Pr)=g5 g 5
Since 1111_p <0in the above expression, the profits to the seller are decreasing in x.
X

Since x=0isthelimiting case of the feasible solution, the seller will pick a price
givenby p, = EY in the higher demand regime and a price p, 3 % in the lower
demand regime.

Case2: s a
2
In this case the seller will pick aprice pz* :?inthehigh demand regime and

p, 3 % in the low demand regime. The market will not clear in the low demand

2
regime, however the seller’ s expected revenue of p ( pz* ) = % cannot be exceeded
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by any other pricing scheme (in the interest of expositional brevity we omit the proof
of this claim here, but we can be make the proof available on request).

In either case the maximum possible revenue to the seller is given by:
p g P (c pﬂﬁf%
and the resulting prices are:

_ &,
=" andp >2
P, > P, >

2
+
Finally, (ah1681) > ah"la‘ " a, >a theseler will always pick a price-quantity

schedule given by: p, = % andp, > % with resulting expected revenues of:
2
p L _ & *a
P g p).(a, pz)g=%
Which compl etes the proof.

Proposition 1: Under demand uncertainty, the revenue to the seller that operates
Group-Buy schemes is either |ess than the revenue from posted pricing or is exactly
equal to it. The Group-Buy mechanisms does not generate superior revenues to the
seller under any conditions.

Proof: It sufficesif we prove that revenue from the Group-Buy schemeincase 2 is
dominated by the revenues from posted pricing, since the revenues from the Group-
Buy schemeisin case -1 are exactly the same as the revenue from posted pricing.

We first determine the maximum revenue to the monopolist that operates a posted
price market. The monopolist picks a price p and the induced demand and revenue are
given by:

p(p)=%gp(a- p)+p(a,- P
p p(p)=%[p(a +a,)]- p?

Taking First Order Conditions w.r.t. to p we have:
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ﬂ_p:—(aI +ah)- 2
fip

2
c_ata, .
p 2 [

p

p
L P
p° )

a_(a+a)
\p(p) =
From Lemma 2 the revenue from the Group-Buy mechanism is given by:
p(®=i?-
\p(ﬁ%p(®=(a+%y-a@ula'%y>o
16 4 16

p(p)>p(9)
Which compl etes the proof.
Lemma 3: When the demand regimes are characterized by the following binding
constraint, 2 £ b<a, the profit maximizing Group-Buy price-quantity schedule
m

under demand uncertainty is given by:
Price P*

« b. . a
=— if quantit £b- — 0.2
P=2 10 y om (0.2

. a. . a
=—if quantit >ph- —
P, om q y G om

The expected revenue to the seller is given by:
p( . p*):a2+mb2
SERY sm
Proof:

Notethat it isimplied in the construction of the demand regimes, that b > 2 .
m

Now we consider the maximum revenue from Group-Buy schemes.

The seller picks prices as follows:
Price P*

« b . . a
=— :if quantit £b- —
5 q y G om

- . a
=— :if quantit >ph- —
P, om q Yy G om
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From figure 2 (see below) it is clear that the quantity used to separate the two prices
should be at least equal to b- Zito prevent the price from sliding down to p, if the
m

demand regime given by gq=Db- pisrealized. The reader can convince herself from

inspection that the necessary conditions defined by the Group-Buy scheme, i.e. price
fallswith an increase in quantity demanded do hold.

The sdller’ s revenues from the above Group-Buy price schedule is given by:
1, .
P (P p)=Zgp(b- p)+ p(a- mp,)g
such that: p, ¢ p, and g, <g,

+ b « b
\ =—andg =—
P 2 % 2

p. * —iand g = E
*2m 7 2
For the binding condition g, <q, to hold, it is necessary that:

b<a
Substituting for the values of p, and p, inp (p,, p,),we have

+  «\  a’+mb?
\ , = " b<a
p(pp )=
Which compl etes the proof.

Proposition 2: When the demand regimes are characterized by the following binding
constraint, 2 £ b<a,: Therevenueto the seller from group buying strictly
m

dominates the revenue from posted pricing. The profit maximizing price and revenue
under posted pricing are as follows:
atb
2(m+1)
(a+b)’
8(m+1)

p(p)=

Figure 2: Intersecting Demand Curves. Neither Demand Regime Dominates The
Other Universally.
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(0.b) q=b-p

2 ! g=a-mp
A\
|
|
+ N
4 a, 9 (b,0) (a,0)
Quantity

Pr oof:

We first determine the optimal price and maximum revenue under posted pricing. If

the monopolist seller picks a price given by p under both demand regimes, then his
revenues are given by:

1, .
p(p)=7gp(b- p)+p(a- mp)g
Taking First Order Conditionsw.r.t. p,

o _1, X
—==-gda+b)- 2p(m+1
i =3€avb)- 2p(m+1)g
. a+b p
= = = 1
‘P omey g (MO
.\ _ (a+b)’
\ p(p)_8(m+1)
From Lemma 3 the revenue from the Group-Buy mechanism is given by:
PP P 8m

Comparing the two revenues we have:

R \ 24+mb? (a+b)’ .
p(np)-p ()= _éﬁwlo b<a
p(q,mﬁ-p(ﬁ)=é%b$25>0 [ b<a

p(p.p)>p(p) " b<a
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since 2 <b by defintion, we have: p(pl*,pz*)>p(p*) " 2¢b<a
m m

Which compl etes the proof.

Proposition 3: The gains from using group-buying mechanismincrease as m
increases.

Proof: From proposition 2, corollary 1, the difference in revenues between group
buying and posted pricing is given by:

(e bm)°
Po=Pp= 8m(m+1)
(a- bm)’
LeeD=p, - =
Po=Po 8m(m-+1)
1D _ 2abm® +b°m’ - &*(1+2m)
m 8’ (1+ m)2
b, 0iff 2abm? +b’m? - a*(1+2m)>0
m

The above expression can be re-written as follows:
m’ (2ab+b2) - 2a’m- a’
Solving for m in the above expression yeilds the following result:

m2(2ab+b2)- 2a?m- a% iff m>2 or m<
2a+b

a
Cleary m<
i 2a+b

isinfeasible. However, m>% is both feasible and binding

(by our defintion of the two demand curves).
\ m2(2ab+b2)- 2a’m- a’> >0
Thisin turn implies that j&—D >0 \ Disincreasinginm.
m

Which compl etes the proof.

Proposition 4: Under production precommitment, the equilibrium solution as well as
the supplier’s profits are identical under group buying and posted pricing.

Proof:
Remark: The seller can produce 0,1, or 2 units. Clearly when he produces 0 or 1

unit(s) for sae, it resultsin price and revenue outcomes that are identical under group

15



buying and posted pricing. The remaining case to be examined is when he produces 2
units. Note however, that producing two units does not imply that the actual quantity
sold (under either mechanism) is exactly two units. Under either mechanism, the
actual quantity sold can be 0,1 or 2 units depending on the seller’ s optimal price
schedule and the buyers' valuations.

Posted Prices. Customer values are distributed as U[0,1] , and the production cost is
normalized to 0. Let pl [0,1] be the posted price set by the firm. The firm will sell 0,
1 or 2 units. The probability of selling two units (for revenues of 2*p) isthe
probability that both customers assign avalue to the good that is greater than the

price; thisisequal to (1- p)?. The probability of selling one unit (for revenues of p)

i 8@12* p* (1- p) =2p* (1- p).Thus, supplier's expected profits are given by
]

Pp= (1- p)**2*p+2p*(1-p)*p = 2p*(1-p), asimple quadratic. The first order
conditionsyield p, = 0.5and p, = 0.5.

Group Buying : Thetwo distinguishing features of customers' bidding are that (i)
they bid without knowing the final price, but only based on the current price and their
expected final price, and (ii) in so far as each bid lowers the final price, each
customer must factor other customers' behavior into their strategies. Observe that, in
fact, customers have an incentive to bid even if the price dightly exceeds their value.
Thisis because their bidding might induce other customers to bid as well, which
would lead to lower prices. If the prices are sufficiently lowered by the cascade
induced by their bidding, they would get the good at a price lower than their value,
generating a positive surplus. On the other hand, if they don’t succeed in inducing a
cascade of bids by bidding at a price higher than their value, they will lose surplus.
Customers’ optimal bidding price point is to trade off these two possibilities. It is
clear that their optimal bidding price point will typically be greater than their value.
Directly attempting to solve for each customer’ s bidding strategy as a function of her
value and the other customer’s strategy is difficult. Hence we solve for the
equilibrium by employing the revelation principle, widely used in the
economics/game theory literature on adverse selection and mechanism design. The
revelation principleis found in most advanced textbooks in microeconomics (cf.
Kreps [1990], Mas-Collell et. al. [1995]); the following statement of the revelation
principle is modified from Proposition 14.C.2, page 493 of Mas-Collell et. al. [1995]
to apply to our problem.

Revelation Principle applied to our problem:

In essence, the supplier has to figure out the optimal pricing mechanism to offer to
customers, while allowing for customersto lieg, if it were in their interest to do so.
Recall that customer values are distributed as U[0,1], and not known to the supplier.
The revelation principle states that in searching for the optimal (profit-maximizing)
group-buying mechanism (the price-points as a function of the total quantities
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demanded), the supplier can without loss restrict himself to schemes of the following
form:

Each customer reveals histrue ‘value' to the supplier.

The pricing mechanism specifies an outcome (whether each customer gets a unit of
the good or not), and [Incentive Compatibility] Whatever her value, each customer
findsit optimal to report the state truthfully.

To meet these conditions, we propose the following mechanism: The supplier
publicly announces the pricing schedule [ (p1,01), p2] , where the variables are
interpreted as discussed in the text. Then the customers will reveal their true values
publicly, and the supplier will pick the lowest price point possible (corresponding to
the maximum number of customers who can be served), consistent with the pricing
schedule. The incentive compatibility constraint is easily seen to be met: if feasible,
the customer will get a unit of the good at the lowest feasible price point consistent
with the total quantity allotted. The argument for why the customer’ s dominant
strategy is to announce her true value is aimost identical to the well-known argument
for truth-revelation in Vickery (second-price sealed bid) auctions, and is summarized
below:

Announcing a value higher or lower than her true value will only make a difference
when the price point isin between the announced value and the true value. If the
announced value > final price > true value, the customer gets the good but at a
negative surplus. If the announced value < final price < true value, the customer fails
to get the good even though getting the good at the final price would have generated
positive surplus for her. Under all other scenarios, the outcome is the same for the
announced value as well as if she had announced her true value.

So now, the supplier’s objective function can be set up assuming that customers
announce their true values, and that the supplier credibly commits to and implements
the lowest price point consistent with the announced price schedule. In our current
model, with two units being sold and two customers, we can set g; = 1 without |oss of
generality. The firm will sell 0, 1 or 2 units. The probability of selling two units (for
revenues of 2* p,) isthe probability that both customers assign a value to the good
that is greater than the price; thisisequal to (1- p,)*. The probability of selling
exactly one unit (for revenues of p,) isequal to the probability that (a) one customer
has a value for the good that is 2 p, (so that at least one unit will be sold) and (b) the
other customer has avalue £ p, (so that two units are not sold), which is given by

f?* p,* (- p)=2p,*(1- p,). Thus, the supplier’s expected profits are given by
a

g = (1- P,)**2"p,+2p,* (1- p)* py,

and he solves for the price schedule (p,, p,) that maximizes this, subject to the
constraint that p, 3 p,. TheLagrangianis

L (P, Pyl ) = @ p)*2%p,+2p,* (1- p)* ptl *(py- P,)-
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The first order conditions (foc), obtained by differentiating with respect to p, and

p, , and the complementary slackness condition (csc) give the following three
equations:

2-8* p,+6* p,"+2* p,-2* p°-1 =0, (focl)

p, (2-4* p,)+l =0, and (foc2)

I *(p,- p,)=0 (csc)
There are four solutions to the above equations. These are givenby (p, , p,,l ) =
(0.5,0.8333,0); (0.5,0.5,0);(1.6180,0,0) and lastly, (-0.6180,0,0). Of these four
solutions, three are infeasible: the first has p, < p, which violates the constraint, and

the last two has p, outside the range of [0,1]. We now check the second order
conditions for the only feasible solution: ( p, , p,) = (0.5,0.5). The Hessian for the
objective function is:

geﬂng Tp, 0
; .
H(Pg) =¢ 1?% ﬂ"?izpz;
C g g =

SToie. o, 5
& -4*p, 2*(1- 2* p)o
T &2r@-2vp) -8+12%p, 4

> 0¢

which at (0.5,0.5) is geo 22. A cursory examination of the principal determinants
“4Q

reveals that the Hessian is negative definite. Hence the point ( p, , p,) = (0.5,0.5)

maximizes the objective function (supplier profits). This solution isidentical to the

posted price solution, and yields the same profits.

Which completes the proof.

Note: The following Lemmais not a part of the main paper. We offer it asalead up
to Proposition 5 — to demonstrate the derivation of results that have been subsumed in
the discussion that leads up to and follows Proposition 5.

Lemma 4: Under production postponement with linear production costs of ¢ per
unit, the unique subgame-perfect equilibrium and supplier profits under posted
pricing and under group buying are as given below.

_ 2
Posted Pricing: P] :izc andp, = d- 9 :

2
(- o)’

Group Buying: B, =P,

1+c .
o :7 and p, =
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The production quantities under each pricing scheme are determined by the realized
orders. Thus the equilibrium solution as well as the supplier’s profit are identical
under group buying and posted pricing.

Pr oof:

Posted Prices. Customer values are distributed as U[0,1] . Let pl [0,1] be the posted
price set by the firm. The firm will sell 0, 1 or 2 units, and the corresponding
production costs would be O, ¢ and 2c respectively. The probability of selling two
units (for revenues of 2*p) isthe probability that both customers assign a value to the

good that is greater than the price; thisis equal to (1- p)®. The probability of selling

one unit (for revenues of p) is af?* p*(1- p)=2p* (1- p). Thus, supplier’s expected
a

profits are given by
Pp = (1- p)>*(2*p-2*c)+2p* (1-p)* (p-C) = 2* (p-c)* (1-p), asimple quadratic. The first
2
order conditions yield P} :izc andp, = (1'20) .
Group Buying : Asbefore, the supplier announces a price schedule, and the
customers then bid based on their values. Once again, customers have an incentive to
shade their behavior above their actual valuation of the good, since their bid might
induce a cascade of bids. Asin the proof of Proposition 4, we can apply the revelation
principle, and assume (i) truthful revelation of their values by customers, in return for
(i) acredible commitment from the supplier to pick the lowest price point possible
(corresponding to the maximum number of customers who can be served), consistent
with the announced pricing schedule. In the current scenario, the supplier incurs
production costs only after the exact demand is revealed via pricing, and this should
be reflected in the supplier’ s profit function. The supplier will sell 0, 1 or 2 units. The
probability of selling two units (for asurplusof (2* p, - 2*c) isthe probability that
both customers assign a value to the good that is greater than the price; thisis equal to
(1- p,)?. The probability of selling exactly one unit (for asurplusof p, - c) isequal
to 2p,* (1- p,), asderived previously in the proof of Proposition 4. Thus, the
supplier’s expected profits are given by
Pg = (1- P,)** (2* p,- 2*C)+ 2p,* (1- p)*(p,- ¢), and he solves for the price
schedule (p,, p,) that maximizesthis, subject to the constraint that p, 3 p,. The
Lagrangianis

L(p Pl )= (@- p)** (2% p,- 2¥C)+2p,* (1- p)* (P - ©) +] *(p- p,).

The first order conditions (foc), obtained by differentiating with respect to p, and
p, , and the complementary slackness condition (csc) give the following three
equations:

2-8* p,+6* p,S+2* p,-2* p +c*(2- 4* p,+2* p)- | =0, (focl)
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2* p,(1- p,)-2* p,(-c+ p,)+l =0,and (foc2)
I*(p,- p.)=0. (cso)

The only feasible solution to the above equations (that satisfies the constraint p,

3 p, and therangerestriction p, , p,1 [0,1]) isthe point (p,, p,,1 ) =

(1L2C , HTC ,0). We now check whether the second order conditions for the maximum
are satisfied a the point (p, , p,) = (“TC | “TC). The Hessian for the objective

functionis:
®p, ', 0

_g T Tnfp, -

H(pg) - -
¢ Tp, T, ?
&t 0, 5
e -4'p 2*(1+c- 2* p) o
g2*(1+c- 2% p) -4*(2+c- 3 p,) g
21+ 0 &
which at (H—C,ﬁ) reducesto e 21+0) 9 A cursory examination of
2 ' 2 € 0  -21-0p
the principal diagonal reveals that the Hessian is negative definite. Hence the point
(p,p,)= (1+Tc,1+70) maximizes the objective function (supplier profits). This

solution isidentical to the posted price solution, and hence yields the same profits.
Which compl etes the proof.

Proposition 5: Under production scale economies, when pricing precedes
production, the unique subgame-perfect equilibrium and supplier profits under posted
pricing and under group buying are as given below.

_ 2
Posted Pricing: p’ - 1Gg*G and p, :&_
2- 2c +c, 2- 2c,+2c,

Group Buying: p, :HTCl and

. lee 6(1- Cl+Cz) 0
P ==ch+c, - — 2 2/ +3(2- +(c, - 4)c, ~and
? 6% = 2- 2c +c, \/ (2-a)ar(e-4) "0
Ps :_138(52_ 72c, +36¢7 - 15¢, - 18cc, +9c’c, +12¢; - 2c§+2(1+3(2- ¢,)G +(C, - 4)02)3/2)
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Proof: The proof of this claim is based on reasoning that is similar to the analysis
employed in the proof of Lemma4 (above). A more detailed proof will be made
available on request by the authors.
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