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e develop a model of customer choice in response to random variation in quality.

The choice model yields closed-form expressions which reflect the effect of competing
suppliers’ service quality on the long-run fraction of purchases a customer makes at the
various competitors. We then use the expressions as the basis of simple normative models
for suppliers seeking to maximize their long-run average profits. The results provide insight
into the effect of switching behavior on the service levels offered by competing suppliers.
(Customer Loyalty; Quality Competition; Bayesian Bandit)

1. Introduction

What should the fill rate be? How should we set the
expected delay in queue? In traditional operations
models, these types of service levels are exogenously
defined.

In practice, companies commonly set quality lev-
els by simply matching the competition. Benchmark-
ing exercises and data drawn from trade associations
allow managers to compare the service levels of their
operations to those of their competitors. Still, man-
agers may wonder whether they have converged on
the right service level, whether there is something to
be gained from deviating from the industry standard.

The “right” level of service depends on how cus-
tomers respond to variations in suppliers’ quality lev-
els. In many cases, instances of poor service may lead
customers to change suppliers, and this switching
behavior drives supplier market share and profitabil-
ity. Without an understanding of customer choice
behavior and competitive dynamics, the question of
how best to set quality levels cannot be properly
addressed.

In this paper, we seek to improve our under-
standing by directly modeling these phenomena. We
develop a model of consumers’ long-term responses
to quality failures that is intended to capture the effect
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of variation in service quality on customer switching
behavior. We then use the results of the consumer
model as the basis of a model of quality competition
in an oligopoly.

In our consumer model, a customer repeatedly
chooses among a set of suppliers, and the outcome of
each visit to a supplier is some (instantaneous) util-
ity. The utility offered by each supplier is, in fact, a
random variable that reflects the quality of that sup-
plier’s offering: whether or not the flight arrives on
time, how fresh the fish is that day. The customer is
not well informed about supplier quality levels, and
she uses a crude form of Bayesian revision to keep
track of which of the suppliers she prefers. Each time
she enters the market, she myopically chooses the
supplier that she thinks is most likely to be best.

The consumer model yields succinct closed-form
expressions for the long-run fraction of purchases a
customer makes at the various suppliers. Further-
more, when the appropriate random variables are
members of exponential families of distributions, each
supplier’s fraction can be shown to be increasing and
convex in its own quality level, and decreasing and
concave in its competitors’ quality levels. Thus, a
supplier’s “share of customer” responds increasingly
strongly to changes in quality levels.
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We then use these expressions for customer share
to model the effect of oligopoly competition on the
supplier’s choice of quality level. We formulate a non-
cooperative game in which unit prices are fixed and
suppliers compete on the basis of the quality levels
that they set. When aggregated, the switching behav-
ior of individual customers obtains market shares that
evolve dynamically and stochastically over time.

Given this stochastic view of market shares, we for-
mulate the supplier’s objective as the maximization of
long-run average profit. For suppliers whose costs 1)
are convex and increasing in the overall level of qual-
ity offered, and 2) do not display economies of scale,
we find the following:

* When competitors are symmetric, there is a
unique pure-strategy Nash equilibrium, and it is sym-
metric.

e When competitors have asymmetric costs, equi-
libria are always asymmetric. In a duopoly, the com-
petitor with lower costs will invest its advantage
to increase quality, capture market share, and earn
higher long-run average profits.

* As the number of competitors m increases, com-
petitive pressure drives quality levels to increase.
Still, consumers’ lack of quality information about
providers allows suppliers to earn positive profits
from current customers even as m — oc.

Thus the results demonstrate that, even though cus-
tomers are not well informed about producers” qual-
ity levels, their ability to switch suppliers in response
to poor service provides the discipline necessary to
drive competitors to adopt an industry quality stan-
dard. Conversely, although the standard increases
with increasing competition, consumers” lack of infor-
mation is significant enough to permit suppliers to
earn positive margins, even as m — oo.

Finally, we note that the types of optimization mod-
els used to derive these results can be used (in princi-
pal) by a supplier to verify whether or not the current
standard in its industry is consistent with the long-
run competitive equilibrium. To the extent that it is
not, a supplier can use the models to better under-
stand what its own “off-equilibrium” quality strategy
should be.

The remainder of the paper is organized as follows.
Section 2 reviews related literature. In §3, we describe
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the supplier’s decision problem, and in §4 we develop
our model of customer reaction to random variation
in service quality. Then §5 uses the customer model
to characterize a supplier’s share of a customer as
a function of its and its competitors’ quality levels.
In turn, §6 integrates the customer share results into
the supplier’s problem to analyze quality competition
among suppliers. Finally, §7 discusses the results, as
well as directions for future work.

2. Literature Review

Our model of quality competition is related to two
recent streams of papers in the operations manage-
ment literature. The first group looks at quality com-
petition more generally and (like this paper) repre-
sents the supplier’s cost of service in a more highly
stylized fashion. Recent examples of these papers
include Karmarkar and Pitbladdo (1997), Cohen and
Whang (1997), Tsay and Agrawal (2000), and the ref-
erences therein. The second group analyzes queue-
ing systems, and in them delay in queue or system
sojourn time is typically defined to be the measure
of quality, the shorter the better. Examples that ana-
lyze the case of a monopolist service provider include
papers by Mendelson (1985), Mendelson and Whang
(1990), Dewan and Mendelson (1990), Stidham (1992),
and van Mieghem (2000). Mandelbaum and Shimkin
(2000) characterize equilibrium behavior of customer
abandonments from a monopolist. Other work, such
as that of Li (1992), Li and Lee (1994), Lederer and
Li (1997), Ho and Zheng (1996), Cachon and Harker
(2001), and Chayet and Hopp (1999) perform compet-
itive analyses in which a supplier competes within
an oligopoly. Li (1992) analyzes a queueing-inventory
system and obtains newsvendor-like expressions for
which the “underage” cost reflects a balance between
holding costs and the discount rate.

The analyses in both groups assume that in equi-
librium consumers are well informed about (or have
beliefs that are consistent with) the service level
offered by a supplier: Each customer knows sufficient
statistics concerning the service quality at the vari-
ous suppliers. In Li (1992) and Li and Lee (1994) cus-
tomers continually monitor queue lengths and jockey
among suppliers; they exhibit no loyalty towards sup-
pliers. In the remaining work, customers know the
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expected quality level offered by all suppliers in equi-
librium, and they frequent only the supplier that max-
imizes expected utility. They do not modify their
choice based on the history of the level of service they
actually receive.

Our underlying model of consumer behavior dif-
fers from the above work in that we assume that
consumers are not well informed about quality lev-
els, and the resulting behavior falls somewhere in
between these two extremes. Consumers do not con-
tinually jockey among suppliers. In the short run they
remain “loyal” and stay with one supplier. But they
do respond to the history of the service they actually
receive, and the resulting equilibria are ones in which
consumers continue to switch among suppliers.

Our results concerning customer behavior are con-
sistent with a stream of articles and books on cus-
tomer loyalty generated by Sasser and colleagues (for
example, see Heskett et al. 1994, Jones and Sasser
1995). This literature reports a strong relationship
between the level of quality offered by a supplier and
the resulting loyalty displayed by customers. It does
not propose a specific model of consumer behavior
that generates this response, however.

Our representation of consumer response to uncer-
tain quality builds on several streams of work in
the behavioral literature, and it attempts to reflect
two sets of findings from empirically driven work
on individual perception and decision making. First,
in the context of controlled experiments—such as
those of Horowitz (1973), Meyer and Shi (1995), and
Banks et al. (1997)—people appear to behave in a
roughly Bayesian fashion, with some biases, such
as a tendency to behave more myopically than is
optimal. Second, it appears that people systemati-
cally categorize as they make sense of their experi-
ences. That is, people maintain mental examples of
how entities in the world behave. They then inter-
pret an experience with an entity by comparing their
perceptions with the typical or exemplary charac-
teristics of their mental picture of how that cate-
gory behaves. This structure shows up in Kahneman
and Tversky’s (Kahneman and Tversky 1973, Tver-
sky, and Kahneman 1974) well-known “representa-
tiveness heuristic,” and it forms the basis of cate-
gory and exemplar theory in cognitive psychology.
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(For a review and interpretation, see Henderson and
Peterson 1992.)

Our resulting model of decision making is simi-
lar to the cognitive theory of Gigerenzer and Mur-
ray (1987). It also has an intimate connection with
the sequential probability ratio test (SPRT) devel-
oped by Wald (1947) in the 1940s, as well as with
the “Cumulative Utility Consumer Theory” of Gilboa
and Schmeidler (1997) and Gilboa and Pazgal (2001).
Indeed, our representation of consumer choice may
be thought of as a composition of these models, and
our results are analogues of those developed in Gilboa
and Pazgal (2001).

The paper closest in spirit to ours is Hall and
Porteus (2000), which develops a similar model of
quality competition and applies it to inventory and
queueing systems for which there are no economies of
scale. (For an earlier related paper see also Smallwood
and Conlisk 1979.) They show that when one firm has
an advantage of more loyal customers—with lower
probabilities of switching upon a service failure—then
it is optimal for the firm to offer a lower level of qual-
ity than its competitor.

Hall and Porteus (2000) also explicitly models cus-
tomers switching among suppliers, but it differs from
the current paper in two respects. First, it considers
dynamic policies in which suppliers may change ser-
vice quality in response to short-term changes in mar-
ket share. We consider only static quality policies in
which each supplier decides on a quality level and
maintains it. Qur stationary quality policies are sim-
pler to analyze and implement, and they are intended
to be consistent with industry practice, which typ-
ically sets stationary targets for service levels such
as fill rates and queueing delays. Nevertheless, they
clearly may not perform as well as more dynamic
policies. Second, our underlying model of customer
switching behavior differs from theirs. In Hall and
Porteus (2000), a customer switches suppliers as an
immediate response to a service failure at the current
supplier, rather than as a result of the history of ser-
vice she receives at the various suppliers. In addition,
in Hall and Porteus (2000) switching is mediated by
an exogenously defined loyalty factor. In our model
of consumer behavior, loyalty is completely (endoge-
nously) driven by supplier quality.
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3. Supplier Model

There are m suppliers of a product or service. At dis-
crete times t =1,2,... each of n customers chooses
one of the suppliers and acquires a unit of the good.
Let ni denote the number of customers patronizing
supplier i at time t, so that n=Y_" ni.

The quality of the good is inherently uncertain, and
the utility obtained when supplier i provides the good
to customer j at time t is a random variable, U,"”.
We make two fundamental assumptions that limit the
nature of the variation:

AssuMPTION 1. All customers derive the same utility
from the same physical experience.

AssUMPTION 2. The sequence of utilities that any cus-
tomer obtains from a supplier is i.i.d.

The first assumption allows us to translate any
physical measure of the distribution of quality
directly into a distribution of utility. The second
implies that each supplier’s choice of a quality distri-
bution is a strategic decision. Supplier i must choose
its particular quality distribution once, before con-
sumers enter the market, and then live with the con-
sequences.

Together, the assumptions allow us to describe a
supplier’s quality choice as a single distribution of
utility, U'. We may think of physical measures of sys-
tem performance and of the resulting customer utility
in similar terms, although for consumers that are risk
averse with respect to the physical measure of service
quality the two need not be identical.

For example, suppose that a physical measure of
system quality is normally distributed but that cus-
tomers are risk averse. Then two service providers
that offer the same mean level of the physical quan-
tity, but different levels of variability, would have
different—and not necessarily normally distributed—
U"s. Furthermore, the supplier with the lower vari-
ance would provide a higher expected utility.

Let ® C R be the set of distributions from which
each of the suppliers chooses. The set may be finite or
countable, or it may represent a continuum of choices.
Then supplier i’s choice of quality distribution is U’ ~
F(u|6"), and we define u; = E[U']=E,[U]. If O repre-
sents an exponential family of distributions, then u; =

(6").
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REMARK. A distribution that comes from an expo-
nential family, indexed by 6 € ®, may be defined as

dF(x|6) = ¢!~V ®) gF(x), 1)

where /(6) Z1n [ dF(x) is the cumulant generating
function of some nondegenerate (nonpoint-mass) dis-
tribution function, F. A random variable X, whose
distribution comes from a one-dimensional exponen-
tial family indexed by parameter 6 € ® C R, has mean
E,[X]=¢’'(0) and variance var,(X) = ¢"(0). Thus, {:(-)
is strictly convex, and the mean ¢’(-) is a monotoni-
cally increasing function of 6. Most commonly used
distributional forms—such as Bernoulli, exponential,
Poisson, normal with mean 6 and fixed variance, and
normal with variance 6 and fixed mean—are expo-
nential families.

We assume that prices are fixed and that each cus-
tomer visit yields a supplier $7 of revenue. Therefore,
to determine supplier i’s total revenues in period t we
need only derive the number of its patrons, n}.

We define supplier i’s cost of delivering the product
or service to an arriving customer as a function $c;(u;)
that is determined at least in part by the average level
of utility offered, u;. Note that for risk-averse con-
sumers an increase in u; may reflect a decrease in the
variability, as well as an increase in the mean level of
the physical measure of quality offered by the sup-
plier. We assume that c;(u;) is increasing and convex
in u; and that there are no economies of scale in pro-
duction. Thus, ¢;(-) does not vary with 7.

Supplier i seeks to maximize its long-run average
profits:

t

max (L) 2 fim £ 3 )
ul —> 00 S:1

= (r— () x }ggo%zn;}- @)

Here, II'" denotes supplier i’s profit when m suppli-
ers compete in an oligopoly, and {n! : t=1,2,...} is
determined by customer switching behavior.

Given increasing and convex unit costs, the unit
margin (v —c,;(u;)) is a decreasing and concave func-
tion of average quality. To precisely define long-run
average profits, however, we must specify how the
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competitors’ quality distributions affect supplier i’s
long-run average market share, lim,_,, 1 Y"._; n’. The

s=1

following two sections develop these results.

4. Customer Model

In this section we develop a model of consumer
behavior that reflects the effect of the suppliers” qual-
ity distributions on a customer’s choice of provider.
We begin by describing the consumer’s response to
uncertain quality as the solution to a Bayesian multi-
armed bandit problem. We then use this representa-
tion as the basis of a model of a more myopic, “sim-
ple” consumer whose heuristic solution to the bandit
problem reflects well-known biases described in the
behavioral literature.

4.1. Bandit Model of Customer Choice

The consumer is aware of the nature of the sup-
ply process described above, though she does not
know what 0s the suppliers have chosen. Each time
she returns to the marketplace, she uses the infor-
mation she has acquired through past samples of the
providers’ performance to decide her choice of firm.

More formally, the consumer views each 6 as a ran-
dom variable, and for each provider she maintains
a probability distribution of €', P{(6), that represents
her understanding at time ¢ of the utility distribution
under which she believes the supplier to be operat-
ing. Let {P}, ..., P} be the “prior” information the
consumer has as she enters the market for the first
time.

After each contact with a supplier she uses the
new sample of utility and Bayes’s rule to update this
belief. Thus, if the consumer uses provider i at time ¢
and receives utility u, then her new belief distribution
will be

dPi_(0) dF (u|6)

O = T 4p, (0 dF (ul6)

®)

If j 5 i, then dP}(0) = dP!_, (6).

Let a policy y = {y(1), v(2)...} be a sequence of
choices of suppliers by a consumer, and let I' be the
class of policies that is nonanticipating with respect to
future utility. Then the consumer seeks a policy, y €T,
that will maximize the expected discounted value
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of the future stream of utilities, sup, . E,[>}, a'ly],
where a € (0, 1) is the one-period discount rate.

It is well known that for any fixed set of service dis-
tributions, {6', ..., 0™}, and priors, {P, ..., PJ'}, the
consumer’s problem can be represented as a multi-
armed bandit. Here, each supplier represents an arm
and P! the arm’s state at time £. Arm i’s state evolves
only at epochs, y(t) =i, at which the arm is played,
and from (3) we see that when the arm is played its
evolution is Markov.

Gittins and Jones (1974) showed that (1) for each
supplier i the consumer may construct an index,
commonly called the Gittins index, which is calcu-
lated independently of the information concerning
the other suppliers; and (2) at any time ¢ it is optimal
for the consumer to use the supplier with the high-
est Gittins index. Gittins (1979) further characterized
the index of supplier i as the result of maximizing
expected discounted utility per unit of expected dis-
counted time,

G(P}) =sup

Ti>t

{ E[E[XI 4 o' U(PLy)IP]] } @
E[E[C e P]l )

where 7; is a stopping time with respect to the history
of the process through time t —1, and the notation,
U(P._,), emphasizes the fact that the marginal (sub-
jective) distribution of utility at s —1 is a function of
the distribution on the consumer’s belief at the time.

To maximize her expected discounted utility, the
consumer can in theory follow this simple algorithm.
First, calculate the Gittins indices of all m suppli-
ers. Second, choose the supplier, i, with the largest
G(P}) and sample from i until the stopping time, 7;,
is reached. Then, using the new sample information,
recalculate the Gittins index for i and go back to
Step 2.

In practice, however, the calculation of the Gittins
index is a formidable task. The state space of a gen-
eral Bayesian bandit, as it evolves, covers the set of
all possible sequences of posterior distributions gen-
erated by sample paths of the reward process. From
a prescriptive standpoint, this poses a computational
problem for rational decision makers who are faced
with bandit problems.
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4.2. A Model of a “Simple” Consumer

For our purposes, difficulty in calculating the Gittins
index also poses a descriptive problem. That is, if the
Gittins index is so difficult to calculate, can we believe
that consumers behave “as if” they are calculating
them?

In fact, the empirical work described in the lit-
erature review suggests that people display system-
atic biases away from purely Bayesian behavior. Our
approach to modeling the problem is to simplify the
consumer’s decision-making process in a way that
results in an analytically tractable structure that is
consistent with these biases. We refer to this model as
one of a simple consumer because, as we shall see, it is
analogous to the case of a one-sided test of a simple
hypothesis in sequential analysis.

The model for simple consumers works as follows.
As in the original model, each of the m suppliers
chooses a quality distribution 6' € ©. Rather than
maintaining a complex set of beliefs concerning sup-
pliers, however, the customer partitions the suppliers
into two categories—good and bad—with respective
utility distributions 6; and 6;. For each supplier, the
consumer maintains, in turn, a belief distribution that
is solely the probability that the supplier is good or
bad. Thus, rather than judging how good or bad a
supplier is, the consumer’s problem is more simply
to decide whether a supplier is good or bad. At any
time, ¢, the consumer myopically chooses the supplier
that has the highest probability of being good.

Let p; be the consumer’s subjective probability at
time ¢t that supplier 7 is good, and consider a sequence
of visits to supplier i in which utilities {U;, U,, ...} are
obtained. Then from a direct application of Bayes’s
rule (3) we find the posterior probability that i is good
after period ¢ is

T (1-7 tdFB(Us)}_l
"”‘[H( n >S=HldFG(u5) / ©

where F; = F(-|0g), F; = F(:|6;), U, ~ F, = F(-|#), and
p} denotes the consumer’s prior belief concerning the
quality of i.

Observe that when the suppliers’ choices of qual-
ity distributions are themselves simple—so that 0 =
{03, 0;}—then the binary nature of alternatives also
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leads to a fundamental simplification of the calcula-
tion of the Gittins index, and the simple consumer’s
myopic policy is optimal:

THEOREM 1 (BANKS AND SUNDARAM 1992). Suppose
O = {05, 0;). Then the Gittins index of supplier i, G,
is monotonically increasing with the probability that i is

good, pl.

Even when 0 is more complex than {63, 6}, if the
consumer only believes ® = {6, §;} or can only per-
ceptually discriminate on the basis of © = {6, 0.},
then it is optimal for her to act myopically. Thus,
for a simple consumer, myopic choice behavior rep-
resents the rational response to an inability to dis-
tinguish among many different quality distributions,
rather than an inherent inability to weigh the future
consequences of current choices.

5. Long-Run Customer and
Market Share

Consider a market in which there are m suppliers
competing for the patronage of a consumer, and let
£, £1lim, ., 13t 1{y(s) =i} denote the limiting rela-
tive frequency with which the consumer chooses sup-
plier i. In this section we analyze the model of a sim-
ple consumer to characterize f; as a function of the
quality distributions set by the suppliers.

First, we let j = argmax{k : p§ < pi}. Then a simple
consumer will buy from i as long as pi > p{. By (5),
this is equivalent to

N ()-(2) o

s=1

a one-sided test of a simple hypothesis against a sim-
ple alternative (see Wald 1947).

By taking logs on both sides of (6), we equivalently
have a random walk, S, = Y°!_, X, with ii.d. incre-
ments

X, = In(dFs(U,) /dFy(UL)) (7)

and stopping boundary

b2 ln(pé/pé x (1-p})/(1 _Vé))' (8)
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Here X is a function of the random variable U, ~ U’,
and its expectation, E;[X], is evaluated with respect
to the utility distribution actually offered by sup-
plier i.

Let 7 = inf{t: pi < p)} = inf{t: S, < b’} be the time
at which the customer first believes supplier i is less
likely to be good than supplier j. This is the time at
which the consumer “defects” to the competition, and
one can characterize this time to defection as the stop-
ping time of a one-sided SPRT (see Gans 2000).

Here, we concentrate on the customer’s long-run
behavior, however. We wish to characterize how
long-run shares {f,,..., f,} are determined by the
suppliers” quality distributions {6', ..., 0"}, and we
use results from the cumulative utility consumer
choice model developed in Gilboa and Pazgal (2001)
to do so:

THEOREM 2 (GILBOA AND Pazcar 2001). If E,u[X] <
0 and vary (X) < oo fori=1, ..., m, then with probability
one f; exists fori=1,...,m, and

[T Eoi[X]
ket [Tj2 Egi (X1

Note that, while the mathematical structure of the
choice behavior is the same, the intention of the
cumulative utility models is somewhat different from
ours. In Gilboa and Pazgal’s (2001) formulation, a
consumer makes repeated choices among a number of
competing brands, and switching behavior is induced
due to “variety-seeking” behavior: The more negative
Eyi[X], the more easily bored the consumer becomes
on average with choice i. Randomness in the realiza-
tions of X correspond to unpredictable differences in
the consumer’s response to 7, rather than to any (mea-
surable) uncertainty in the actual performance of i.

When are E;[X] and var, (X) finite? For F; and F
that are members of the same exponential family of
distributions, the answer is straightforward to deter-
mine. From (1) and (7) we have

X — ln<e{ecu¢(ec)}[ﬂ:‘)

fi= ©)

el0sU=0(0) /T
= (0 — 0)U = (¥(65) — ¥ (65))- (10)

In turn, we have

Eo[X] = (0 — Op)p; — (¥ (05) — ¥ (65)) (11)
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and
Eei[XZ] = (BG - BB)ZEG‘[UZ]
—2(0 — ) (P(05) — P (0p)) s
+ (P (0c) — ¥(0:))*. (12)

Thus, if (6;) and ¥ (6g) are well defined, then Eg[X]
and E,[X?] are finite whenever u; and E,[U?] are.
If we define

= (W(06) — (85)) /(0 — B), (13)

then we also see E;[X] < 0 if and only if u; < p*.
Recalling that X = In(dF;(U)/dFz(U)), we see from
(13) that u* is the level of quality at which the con-
sumer cannot, in expectation, determine whether i’s
distribution is good or bad. One may think of u* as
the customer’s “aspiration” level, the level of average
quality at which she is satisfied, and of (u* —pu;) as
describing how far short supplier i falls, on average,
in each service encounter.

If we divide both numerator and denominator by
[TiL, E¢[X], then from (9) we recover

_ EXI
ST E X

and from (13) we have:

fi (14)

CoROLLARY 1. Suppose Fy and F; are members of the
same exponential family of distributions. If u; < u* and
varg(U) < oo for i =1,...,m, then f; exists for i =
1, ..., m with probability one and

1/(w* — i) 1

= - , 15
: YLl/(wr ) T+ (pr—p)A 15)

A
where A =3 (u* — ;)"

Observe that when F; and F; are members of the
same exponential family of distributions, f; is deter-
mined solely by the expected utilities offered by the
suppliers and is insensitive to the distributional forms
of the various U"”s. When we wish to emphasize
this functional relationship, we will write f(u;, n_;),
where u_; = {m;:j#ih

Furthermore, the condition u; < u* for all i requires
that the customer not be satisfied with any of the
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suppliers. Indeed, by offering u* a supplier locks in
customer loyalty, and if a supplier can profitably offer
w* (that is, r —¢;(u*) > 0), then it can expect to prof-
itably serve the customer for all time. In this case, the
expression for the suppliers’ long-run shares of the
customer would be degenerate.

In broader terms, if suppliers can afford to offer
quality level u*, then they satisfy the customer’s qual-
ity requirements, and quality is no longer the basis of
competition. In this case all suppliers may offer u*,
and the focus of competition would shift to other are-
nas, such as efforts to attract new customers or prod-
uct and service differentiation.

Note also that, because f; is a long-run average,
the consumer’s prior beliefs {b!, ..., b™} do not have
a long-term effect. Equation (15) describes the sup-
plier’s long-run share of a customer solely in terms
of her expected satisfaction with a single service,
(W — ).

Finally, A can be thought of as an aggregate mea-
sure of the competitive intensity supplier i faces. A
increases with each M and, given a fixed set of ,u,j’s,
it increases with m. As A increases, f; decreases.

By differentiating f; with respect to the suppli-
ers’ quality levels we see that customer response to
changes in supplier quality is sharply increasing:

COROLLARY 2. Suppose Fy and F; are members of the
same exponential family of distributions. If p; < u* and
varg(U) <oo fori=1,...,m, then:

(1) % = % >0 and
1 1 (16)
fi _260-£7
P (W)
2
(ii) 9_ﬁ =- f—] <0 and
Op; = a7
Rf___20-f)
Ip? (W =) —py)
’2f, (S
(i) Iiop; (M* —m-)
2ff i
X(M*—m M*—M)’ o

Furthermore, (18) implies that % >0 < f;>1/2.
0K
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Figure 1 Customer Share as a Function of »; and A
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Parts (i) and (ii) show that relative purchase fre-
quencies at 7 are strictly convex and increasing in u,
and strictly concave and decreasing in u; for all j # 1.
Thus, long-run customer share responds increasingly
strongly as changes in quality grow larger.

These relationships can be seen in Figure 1, which
shows customer share as a function of both u; and
A=3.;(u —p)"", the aggregate measure of com-
petitive intensity faced by supplier i. Here, larger A
drives the response to u; to be first flatter and then
more sharply convex. That is, the greater A, the fur-
ther down and to the right the “elbow” of the curve
lies. It is worth noting that the relationship pictured
in Figure 1 roughly matches the empirically based
curves of the more competitive industries shown in
Jones and Sasser (1995).

Part (iii) of the corollary shows that the crossderiva-
tive of f; with respect to u; and p; is increasing if and
only if the relative frequency at i is already greater
than one half. Given a competitor’s marginal increase
in quality, a dominant high-quality supplier would
see increasing marginal (revenue) returns to raising
its own quality, while a smaller lower-quality com-
petitor would see decreasing benefits. Similarly, in a
market with m > 2 competitors of equal quality levels,
each supplier would find that increases in competi-
tors” quality levels would decrease the customer-share
“return” it would obtain by marginally increasing its
quality.

Finally, given identical customers it is not diffi-
cult to show that long-run average market share
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is a multiple of the long-run share of an arbitrary
customer:

COROLLARY 3. Given Assumptions 1 and 2, suppose
—oo < p; < u* and var(U') < oo for i=1,... ,m. Then

1
lim ~ ; Zn = 11m ZZl Yi(s) =i}

t
it 51]1

= th
= ”f(#i/ M) (19)

Note that the interchange of limit and summation is
justified by the fact that 0 < Y7, 1{y/(s) = i} < n is
bounded for every s.

Thus, while customer switching implies that the
population of customers patronizing supplier i, {ni :
t=1,...}, is dynamic and stochastic, we can use f;
to characterize supplier i’s long-run average market
share. This characterization is the last essential ele-
ment required for us to analyze quality competition.

REMARK. One may also be interested in the limit-
ing distribution, lim, ., 1 ._; 1{n! = x}. For example,
if we were to assume that in any period t the distri-
bution of utility obtained by one customer is indepen-
dent of that of the next, then it should not be difficult
to show that the limiting random variable is binomi-
ally distributed with parameters n and f;(u;, n_;).

Zl Y(s) =i}

6. Quality Competition

In this section we derive the fundamentals of a sup-
plier’s quality strategy. To do so, we model the prob-
lem as that of a noncooperative game in which each
of m suppliers sets its quality level u; to maximize its
long-run average profits. Each supplier’s quality level
determines its own unit cost, and together the sup-
pliers” quality levels jointly determine each supplier’s
long-run average market share.

As before, we assume that customers are identi-
cal, that suppliers” quality distributions are stationary,
and that F; and F; are from the same exponential fam-
ily of distributions, so that (15) can be used to describe
the long-run average share of each customer. We also
assume that each supplier knows its competitors” cost
functions, as well as the form of (15).
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Using the result of Corollary 3, we can rewrite sup-

plier i’s problem as

max{I17 () = (= c,(m) x 1 fi(i, po)}. - (20)
Here, the supplier maximizes over its average quality
level u;, rather than over its entire quality distribution
U’ ~ F(:|0"), and competitors” average quality levels,
M_; = {u;]j # i}, are assumed to be fixed.

Given fixed p_; and c;(u;) that is convex in u;, it
is not difficult to show that I1!"(u;) is pseudoconcave
in p;. The unit profit (r —c;(u;)) is concave and, if
we let g;=1/f; =1+ (u*—u;)A, then g; is linear and
decreasing in ;. In turn, for u; < u* the profit, (r —
c;(u;))n/g;, is pseudoconcave in w; (see Mangasarian
1969). Therefore,

ProrosITION 1. Suppose that the c;(-) are convex and
increasing and that there exist —oo < Bo< < p such
that w; € [,ui,p,i], fori=1,...,m. Then there exists a
pure-strategy Nash equilibrium to the quality competition
game.

Proor. The strategy spaces of the suppliers are
nonempty, compact, convex subsets of the real line,
and each supplier’s response function is quasi-
concave in its quality level. Therefore, from Debreu
(1952) the result follows. O

The assumption that there exists a p_> —oo is mild.
A reasonable assumption for fi; would be that (r—
c;(u*)) <0, so that ii; = {u : r —c;(n) = 0}. This is con-
sistent with the assumptions that c(-) is increasing and
that no supplier can profitably satisfy customers in
expectation.

The first-order conditions are satisfied when the
marginal increase in profits, due to an increase in mar-
ket share, equals the marginal increase in cost over
that share. Using (16) we have:
fi=f) _
w*

7 ) = (= =

pnf, =0, (21)

for all suppliers, i=1,...,m
Note that the set of Nash equilibria includes
(g, oo ) T () =0 Vi=1,...,m}, (22)

the set of quality vectors for which the first-order
conditions (21) hold for all i. We call these equilibria
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interior. It also may include vectors with some ele-
ments on the boundary of the action space: {u; =u N
I () < 0) or {; = i NI (&) = O,

One general problem with using the search for
Nash equilibria as a method of strategic analysis is
that the set of possible equilibrium points may be
large. In this case one must justify how competitors
may converge on one of many possible equilibria.

Given our problem structure, we are able to show
that the set of Nash equilibria is well structured, how-
ever. In particular, when the suppliers’ technologies
are identical, we can use the first-order conditions (21)
to prove the following.

ProrosITION 2. Fori=1, ..., m, suppose that c;(-) =
c(-) is convex and increasing, that there exist —oo < u <
@ < w* such that w; € [, @], and that r — c(@) = 0. Then
there exists a unique pure strategy Nash equilibrium, and
it is symmetric.

ProOF. Please see the Appendix. [

Thus, although simple consumers do not use all of
the information available in the bandit setting, their
ability to switch suppliers in response to poor service
provides the discipline necessary to drive competitors
to adopt an industry quality standard.

Just as symmetric costs drive symmetric equilibria,
asymmetric costs drive equilibria to be asymmetric.
As the following proposition shows, when one sup-
plier has a (percentage) cost advantage over another,
the two never choose the same quality level in equi-
librium.

PropPoOSITION 3. Let ¢;(-) = a;c(-) for i=1,...,m,
where a; € (0, o0) and c(-) is positive, convex, and increas-
ing. For each i suppose there exist p < fu; < ju* such that
w; € [m., ;] and that v —a;c(n;) = 0.

(1) For any m, consider arbitrary suppliers j and k. If

a; < oy, then there is no interior pure strategy equilibrium

with p; = puy.

(ii) When m =2, if oy < a,, then any interior pure
strateqy equilibrium has p, > w,. Furthermore, I1]'(u,) >
115" (o).

ProOF. Please see the Appendix.

Part (i) of the proposition shows that asymmetric
equilibria will generally result from asymmetric costs.
Without more structure, however, it is difficult to say
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more about the nature of the equilibria. Part (ii) adds
the restriction that m = 2. In this case we can also
say that for any positive, convex, and increasing cost
function, the supplier with a cost advantage will offer
higher quality and earn higher profits.

ReEMARK. Proposition 3 is an analogue to results in
Lederer and Li (1997) and a complement to results
in Hall and Porteus (2000). In our case a lower cost
structure allows a supplier to increase quality, cus-
tomer loyalty, and average profits. In Hall and Porteus
(2000) the authors show that, given customers are
a priori more loyal, a supplier may be able to decrease
quality and improve profits.

Finally, we show that as the number of suppliers
increases, industry quality levels rise as well, though
never so much as to completely erode unit margins:

PROPOSITION 4. Suppose that for any m: (a) c;(-) is
convex and increasing for i=1, ... ,m; and (b) there exist
—o0 < (0 < i < W* such that u; € [w, @] and that r —
¢;(j1) <0. Let ! be the equilibrium quality level offered by
supplier i in such an m-player oligopoly equilibrium.

(i) Suppose that for any m, ¢;(-)=c(:) fori=1,...,m.
Then the quality of service offered in equilibrium is increas-
ing in m: w!"*' > u™. Furthermore, if the equilibrium is
interior, then quality is strictly increasing in m: u'"™' >
i

(ii) Consider a fixed supplier i with cost function c¢;(-).
There exists a quality level u® < i such that for any fixed
m, u!" < u¥. Furthermore, given any sequence of m =
2,3, ... competitors, lim,, ., u!" = u.

Proor. Please see the Appendix.

Part (i) of the proposition shows that for symmet-
ric competitors the equilibrium level of quality is
increasing with the number of competitors. Part (ii)
shows that, furthermore, even in the limit increased
competition never drives up quality so far that r —
c;(u) = 0. Rather, the customer’s lack of informa-
tion concerning i’s quality allows r —c;(u°) > 0, and
each customer sojourn with supplier i earns posi-
tive profits. For a fixed number of customers n, as
m — oo long-run average supplier profits do vanish
however, because i’s market share drops to zero. In
the limit, the expected time between customer visits
to i becomes infinite.
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The proposition shows that consumers’ lack of
information is significant enough to permit suppliers
to earn positive margins, even as m — oo. This limit-
ing behavior is analogous to that found by Lippman
and McCardle (1997) in a single-period newsvendor
setting. In the newsvendor model, the deterministic
allocation of customers to competing suppliers plays
the same role as our model’s information asymme-
try; it “locks in” customers and allows the industry to
earn positive profits in the limit.

The result also shows that for symmetric competi-
tors there is a clear incentive for a set of suppliers
to consolidate. As m decreases quality decreases, and
unit, firm, and industry profits increase. Of course,
this effect also reflects the fact that neither revenue
nor the size of the customer base increases with the
overall level of service quality offered in the industry.

7. Discussion

In this paper we have sought to better understand
how suppliers should set quality levels in markets
in which quality has unavoidable random variation.
To that end we have developed a model of customer
response to quality variation and have used it to
demonstrate the effect of switching behavior on sup-
pliers” quality strategies. Both elements of the analysis
yield insight into the interplay between service qual-
ity and switching behavior.

Our model of consumer behavior provides simple
closed-form expressions in which consumer response
grows increasingly strongly with marginal improve-
ments in quality. This behavior is consistent with
empirical observations made by Sasser and colleagues
(Heskett et al. 1994, Jones et al. 1995), and it is iden-
tical to that of Cumulative Utility Consumer Theory
(Gilboa and Pazgal 2001).

It is also interesting to note that if we let z; =
1/Ey[X] in (14), then f; =z;/(¥_, z;) bears a strong
resemblance to the choice probability derived from
classic multinomial logit (MNL) models of discrete
choice, as well as to expressions for market share used
in “attraction” models in the marketing literature (see
Andersen et al. 1992 and Karnani 1985). There are two
important differences, however.

First, while the expression, f; =z;/(3/,;z)), is the
same, the form of z; differs among the models, and
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this may lead to differences in market behavior. A sys-
tematic analysis of the differences may sharpen our
insight into how the quality competition modeled in
this paper varies from other forms of competition.

Second, the MNL model’s expressions describe the
probability of choosing supplier i in any single period
and are not history dependent. In our model f; is a
long-run average, however. In any period the prob-
ability of a simple consumer choosing supplier i is
highly correlated with its previous choices.

Conversely, the long-run behavior of simple con-
sumers differs significantly from that of the bandit
model described in §4.1. If u; < u* for all of the suppli-
ers, then the simple consumer will switch among all
suppliers indefinitely and will never converge upon
a preferred supplier (or a subset of suppliers). This is
due to the fact that neither the form of her discrim-
ination function, dF;(u)/dFz(u), nor the dispersion of
her posterior distributions, p!, is changing with expe-
rience. In contrast, with experience the posterior dis-
tributions of a Bayesian with more complex priors
would become less dispersed, and her choices would
converge to a single supplier.

Given a market made up of identical consumers,
this difference in individual behavior translates
directly into significant differences in long-run mar-
ket behavior. If customers are “complex” Bayesians,
then as t — oo each customer will settle on a supplier,
market shares will be realized, and there will be no
customer switching. In an analogous market with n
simple consumers and m suppliers with u; < u*, how-
ever, customers will continue to circulate among the
suppliers even as t — oo.

It is likely that neither of these limiting views
(as t — o0) wholly captures the nature of customer
switching. In many real markets, in each period new
customers enter the market, existing customers exit,
and the number of customers patronizing each sup-
plier is likely to change. Thus, a fuller representation
would model an “open” system, rather than a closed
system in which 7 customers move about. The aggre-
gation of the transient behavior of each customer—
from the time she enters the market until the time she
exits—into that of a whole population would provide
a clearer characterization of the market response to
changes in supplier quality.
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Thus, although it may be stylized, in one impor-
tant respect the aggregate behavior of a market full
of simple consumers is appealing: It naturally leads
to a representation of market share that is dynamic
and stochastic, rather than fixed. For example, if the
behavior of each of n customers is independent of
that of the others, then we might model the steady-
state distribution of the number of customers patron-
izing supplier i as binomially distributed with mean
nf;. Furthermore, the limited empirical evidence pre-
sented in Jones and Sasser (1995) is consistent with
the long-term relationship described in (15), so this
simplified representation may not be unduly biased.

Still, the underlying choice model may be fur-
ther developed and extended. For example, switch-
ing costs are likely to systematically change customer
loyalty behavior. Similarly, advertising and word of
mouth also influence customer satisfaction and are
likely to influence switching behavior. Furthermore,
the underlying assumption that suppliers’ quality lev-
els are stationary may be revisited. In particular, in
industries that enjoy rapid technological advances,
supplier quality may be systematically improving,
and expectations of improvement may induce cus-
tomers to test alternative suppliers more frequently.

The paper’s competitive analysis demonstrates that
the simple consumer’s switching behavior provides
enough discipline to force suppliers into maintaining
an industry norm, and that this industry standard
increases with the number of competitors. Alterna-
tively, when one competitor has a cost advantage over
another it can invest part of its savings to improve
quality, increase market share, and earn greater total
profits.

Given an estimate of u* and a specific functional
form for costs, the analysis allows a supplier to calcu-
late what the equilibrium level of quality should be.
Furthermore, if a supplier finds that the market is not
in equilibrium and believes that competitors will not
respond (quickly) to its change in quality, then it can
use the reaction function (20) to help determine an
“off-equilibrium” strategy as well.

The information required by i is as follows: an esti-
mate of customer preferences, w*; its own cost func-
tion, c;(-); its current quality level u; and market share
fi; and details about the form of the optimization
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problem (20). In particular—given a knowledge u*,
w;, and f,—supplier i can use (9) to back out A, the
required measure of competitive intensity, without
having to know the actual quality levels of individual
competitors.

Just as the consumer model may be further devel-
oped, elements of the competitive analysis may be
extended. For example, the current analysis is limited
to systems for which economies of scale have been
exhausted. In many operational environments, how-
ever, economies of scale are important. Because unit
costs in these cases do not vary linearly with demand,
the steady-state distribution of demand—rather than
just the long-term average—is required for us to char-
acterize long-run average costs and analyze compet-
itive equilibria. Other important factors that may be
considered are customer heterogeneity and the ability
of suppliers to trade off quality and price.

Thus, the analysis of this paper leads to two direc-
tions for further research. In the short run, these
results may be extended to systems with economies
of scale. In the longer term, further development and
testing of these types of choice models will lead to
a better understanding of both the determinants of
switching behavior and how to manage them.
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Appendix

PrROOF OF PROPOSITION 2. First we show that, given symmetric
suppliers, there exists no asymmetric pure strategy equilibrium. By
contradiction, consider the quality levels of two suppliers, j and
k, in an asymmetric equilibrium and, without loss of generality,
suppose W <y < ;.

Letting c;(-) = c(-) for arbitrary supplier i, we note that r —c(jt) =
0 implies that u; < @i, since p; is an equilibrium solution, and
inspection of (21) shows that H}"/(/._L) < 0. Similarly, the fact that
M < py < p; implies that H}"’(M/-) =0, since u; € (4, i) is an interior
equilibrium point for j. Thus, we have II}" (u,) < I} (u;) = 0.

We can write the first-order conditions (21) as:

nfiQ=f)[, o w—p ]

LD r-cup-E=cw)| =0 @
nfi(l=f)f, ) DL () _
W= [(r (k) P (=) ? C(Mi)]_o. (A2)

MANAGEMENT SCIENCE/ Vol. 48, No. 2, February 2002



GANS
Customer Loyalty and Supplier Quality Competition

In turn, letting & = iz (= p;)7!, we can rewrite the term in
square brackets within (A2) to define

L )

8y, 1) = (r—c(u)) — <W

) IS
for arbitrary suppliers 1 and 2. Note that IT}"(u;) < I () =0
implies that g(u,, ;) < g(4;, i) = 0 as well, since the terms out-
side of the square brackets in (A2) are positive.

At the same time, note that for any u, < u*, u, < u*, and convex,
increasing c(-), we have

J
—05 = (" — )" () <O and

! , (A4)
g c(w)

Iy (S — py) +1)?

This implies that g(u;, te) < g(te, i) < §(Hx, 1;), Which contra-
dicts g(my, ;) < g(m;, py) = 0. Thus, given symmetric competitors
there cannot be an asymmetric equilibrium.

Second, we show that, given all equilibria are symmetric, there
exists at most one equilibrium that satisfies the first-order condi-
tions. Since the equilibrium is symmetric, we let f; =1/m and u; = u
for all 7, and we rewrite first-order conditions (21) as follows:

= (%) (75)

x[(r=ew) - = w —pe ] =0.  (a5)

Thus, the first-order conditions are satisfied if and only if the terms
in the square brackets sum to zero, or equivalently if g(u) = c(p)+
(;75)(u* —p)c'(u) = r. Differentiating ¢(u) and collecting terms, we

see that

g0 = e+ (525 ) - e (A6)
is positive for all u < u*, since c(-) is increasing and convex. Thus,
there can be at most one u for which I (u) = 0.

Finally, recall that » — (i) = 0 implies that IT"' (i) < 0. If there is
a o€ (, ) such that ™ () = 0, then I () < 0 for all w € (4, fi],
" (u) > 0 for all e [1, 1), and there is exactly one equilibrium.
Otherwise, I1""(w) < 0 for all u € (1, f], and p is the unique equi-
librium. 0O

Proor or ProrositionN 3. When ¢;(-) = a;c(-), we can write the
first-order conditions (21) as

(A-f)

= e C=E) e a0, (A7)

Part (i). Proof by contradiction. Assume that there exists an equi-
librium with suppliers j and k in which «; < e but u; = u; and
I17" (u;) = I (1) = 0. Then the only difference between the first-
order conditions of j and k are the a terms. Furthermore, since c(-)
is positive and increasing, all terms in (A7) are positive, so it must
be the case that I17""(u;) > IT{" (1), a contradiction.
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Part (ii). For m =2, we assume «; < a, and rewrite the first-order
conditions (A7) for arbitrary supplier i as follows:

nfiq; [(T/ai —c(m)) ,u,l*_—f‘ = C/(Mi)]
o r/a; —c(u,) (.
- [ (= ) + (ur — ) ‘ (“’)] (48)

since 1—-f,=f; = W —py) Furthermore, I1"'(u;) =0 if and only

(W =) +(w* —pj)
if the term in square brackets equals zero, or equivalently when

r=a;c(uw) +a;c () (" — pi + 1" — ;). (A9)

Since ¢(-) is positive and increasing, a; < @, implies that u, > u,
is necessary to satisfy II}"(u,) = IT}"(u,) = 0. Thus, lower costs
prompt supplier 1 to offer higher average quality.

Finally we show that equilibrium profits must be higher for sup-
plier 1. By contradiction, suppose that a; < @, and u, > u, but that
I (u,) <IIj(u,). Noting that u, > u, implies f, <1/2 < f;, we have
I3 (1) = (r — agc(uo))nfy < (r— 0‘2"(:“2))”% <(r-— alc(ﬂz))n%~ Thus,
supplier 1 could have earned higher profits than supplier 2 simply
by lowering its quality level from u, to u,, and u, must not have
been profit maximizing in the first place. 0O

PrOOF OF PrROPOSITION 4. We rewrite (21) as follows:

i
1-f;
Part (i). From Proposition 2 we know that symmetric suppliers

will find a unique symmetric equilibrium, and we can rewrite the
term within the square brackets of (A10) as follows:

I () = nfy(1— f)[ Z) ) — c(u)] (A10)

e R T (A1)

Observe that IT/"(u™) = 0 if and only if (A1l) evaluates to zero
and suppose that, for some m, this is the case. Then given m +
1 suppliers and the same wu™, the far right term decreases from
c'(u")/(m—1) to c'(u™)/m, and the entire expression becomes pos-
itive. Thus, TI" (u") =0 = 1" (u") > 0 = u"*' > u™.

Alternatively, if I[I"(u™) <0, then u™ = . In this case, it must be
that u" < w"+. N

Part (ii). Recalling from (15) that f; =1/(1+ (u* — u;)A), we write
the term in square brackets of (A10) as

alm) 1

g, ¢/ () = ¢ (wy)- (A12)

(Ml’ )_ PR 1
g (= pp)A
Note that the first-order conditions are satisfied if and only if

g(l‘l’i/ A) =0
Now define

r—ci(iy)

hi(p) = - —¢/ () = g (i, A) — (A13)

1
- (m* M)A’(M)

and let uf* =sup{p € [p, a]|h;(p) = O} If sup{p € [p, #]|h;(1) = 0}
is empty, let u* = p. Because r —¢;(t) =0 and ¢’'(u) > 0 for all
M € [, f], it must be the case that uy® < .
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To see that u}" < u* we note that for any fixed A >0, g(u, A) <
h(u) for all u € [u, @t], since c(-) is increasing. Thus, when u < u¥°,
we have g(u¥) < h(u*) = 0. The fact that 11" is pseudo&)ncave
then implies that u!" € [u, u3°)
h(u) <0, and u is optirﬁal in the oligopoly equilibrium.

Next we show that for a fixed competitor, i, the sequence
(e, i, ) converges to u®. The preceding argument implies
that if u* = p, then p" = p for all m. If, however, u¥ € (u, i), we
can use the Implicit Function Theorem to prove the result. Note
that the partial derivative

. Similarly, when u?* = p, then g(u) <

98 _ r—ci(p) — ¢ () (" — )
a”i (M*_I’LI)2
" ¢/ (1) ¢;” (W;)
el () — B N
" () (W —p)PA  (wr—p)A (A14)
! 1
= SN =" (w1 —— Al5
T Sk ) = (p«)( (W%)A) (A13)

and that 1" (u;,
38(#; A)

_;) <0 implies g(u;, A) <0. This, in turn, implies
< 0. Therefore, the inverse of the partial derivative exists at
;,L, . and by the Implicit Function Theorem there is mappmg from

£1/A to yZ that is continuously differentiable at A. Call this
functlon ;L(A).

Now in three steps we show that the sequence {,u St
converges to ui°. First, since M(A) is continuous at (,u, ), then for
any & > 0 there exists a § > 0 such that for all |A’ A| < 5 |,u(&)
;L(A)\ < &. Second, call the equilibrium value of A for some arbitrary
set of m suppliers A" and note that

W= 4 1 (w* — )
A" = > . A
1) =5 TS e (meD) (419

Therefore, for any 6 > 0 there exists an m* > 0 such that for all
m,n > m*, |Z”’ —Z"l < 8. Together, these two facts imply that for
any € > 0 there exists an m* such that for all m, n > m*, |M(E"’)—
M(Z”)| < &. Thus, the sequence {u}" = ,u,(z’”),y,;”“ = M(/A\"‘“), oo}
converges. Third, the fact that the sequence converges to u® can
be seen by comparing g;(-,-) to I;(-) and notir}\g that: (1) }f(—’i’ €
0, r/(u*—p)] for all u € [u, 4]; and (2) lim,,_, A" =0. O
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