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Abstract

Previous research in Management Accounting and &ua@s has noted the
potential for complementarities between the firpesformance measurement system and
its other organizational design choices. We adtiigliterature by studying how the
informativeness and incentive properties of a parémce metric can be influenced by
one particular organizational design choice — the sf the firm’s inventory buffers. We
model a manufacturing setting in which an agentagas a workstation that processes
intermediate units. As intermediate units arriteytare stored in an inventory buffer
until the agent can process them. The buffer cdsh&aanaximum number of intermediate
units — itsbuffer sizelf an intermediate unit arrives while the bufiefull, the unit is
diverted and the agent loses the opportunity tegss it. If the workstation is ready to
process another unit but the buffer is empty, therust remain idle until the next
intermediate unit enters the buffer. The agenbmmensated on the basis of his
workstation’s throughput. We demonstrate how thaaghof inventory buffer size can
affect the informativeness of the performance rmetnd the incentive compensation
wage necessary to motivate the agent. Furtherhamacterize the conditions under
which reducing the inventory buffer enhances/deggatie informativeness of the

performance metric, that is, mitigates/exacerbttesgent’s incentive problem.
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l. Introduction

Much of the agency theory work in Managerial Accing has studied the
relation between information system properties. (éfpormativeness, precision,
congruity, etc.) and optimal incentive compensatifms work typically treats these
information system properties as primitives or sliah a control panel that are directly
manipulated, subject perhaps to an out—of-pock&taiodoing so. Yet in practice, these
information system properties may also be indiyeatfected by the firm’s other
organizational design choices, such as: job assgtsnproduct design, and production
technology. As (Hemmer 1998, pp. 321-322 ), stdteshe value of a performance
measure is determined not simply by its congruity precision but by its influence on
the optimal organizational design....Much of the ré¢beoretical accounting
literature...has largely ignored complementaritiesMeen performance measures and
organizational design.”

In this study, we address Hemmer’s observationsamndy how the
informativeness and incentive properties of a parémce metric can be influenced by
one of the firm’s organizational design choicebe-size of its inventory buffers. We
model a manufacturing setting in which an agentagas a workstation that processes
intermediate units. As intermediate units arriytare stored in an inventory buffer
until the agent can process them. The buffer cdsh aanaximum number of intermediate
units — itsbuffer size The buffer size represents the workstation’s maxn order
backlog. If an intermediate unit arrives while théfer is full, the unit is diverted and the
agent loses the opportunity to process it. If tloekstation is ready to process another

unit but the buffer is empty, then it remains idteil the next intermediate unit enters the
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buffer. While we frame the analysis in terms of anufacturing setting, the analysis is
also applicable to service operations such asealiers which can have a maximum
number of calls awaiting service.

We assume that the agent is compensated on tredsdss throughput; i.e., the
outputper unit of timeof his workstation. Consistent with Hemmer's obséion, we
show that the principal’s choice of buffer sizeiredtly affects the informativeness of,
and consequently the optimal compensation weightrwaughput. The buffer size
affects both the probability that the agent’s buitdl be full when an intermediate unit
arrives, causing the agent to lose the opportuaisomplete the unit (this is referred to
asblocking, and the probability that the buffer will be empthen the agent is free,
causing the agent to forego further productionlamother intermediate unit arrives (this
is referred to astarving. Both probabilities affect the marginal produdnof the
agent’s effort with respect to throughput (his pariance metric) and hence, the extent
to which that effort is reflected in throughput.réfer, we not only demonstrate that the
principal’'s choice of buffer size affects the infativeness of throughput with respect to
the agent’s effort, but that the effect on inforimahess can be non-monotoréuch of
the Accounting and Operations Management literdtaseemphasized two benefits of
reducing inventory buffer size: the reduction ofantory holding costs and the increase
in ability to uncover mistakes and determine whenunderlying exogenous production
process is “out of control”. Our non-monotonicigsult indicates that there can be an

offsetting incentive cost to reducing inventoryfeufsize.
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Next we discuss the relevant literature on orgdiumal design and incentives. In
Section Il we introduce the model and in Sectidnvi present the results. Section IV
discusses extensions and concludes.

A number of articles in both the Accounting and Emmics literatures have
considered the effect of organizational design @hon the design of optimal incentives.
Among the issues considered are: job design ((Hodmmsand Milgrom 1991),
(Balakrishnan et al. 1998) and (Riordan and Sappm#987)); the choice of production
systems and technologies ((Milgrom and Roberts 1 48femmer 1998) and (Hemmer
1995)); the hierarchical structuring of work ((Melad et al. 1995)); routing schemes for
product rework ((Lu et al. 2006)); and productiaitlenecks ((Datar and Rajan 1995)
and (Gietzmann and Hemmer 2002)).

Similar to our paper, (Hemmer 1998), (Hemmer 1988y (Gietzmann and
Hemmer 2002) examine how different workflow arramgats between agents affect the
information available for contracting, and the intrees facing agents. Our work is
distinct from these papers, which do not considgfe size as a choice variable of the
principal. (Nagar et al. 2009) does examine the oblinventory buffers in agency
problems, although in their model, unlike ours,ferd are filled by agents to signal
private information and buffer size is not a choregiable. In contrast, Alles et al.
(1995), like the present work, focuses on the étteat the choice of buffer size can have
on the informativeness of performance metrics. Miagor difference between our work
and theirs is that they do not formally model thé¢ct, but rather assume a monotonic

relation. In contrast, we formally model the invamytprocess and derive a non-

! Also somewhat related to the present work is (@reh995) which examines the incentive effects ah bo
the buyer and supplier when the buyer goes to@ineentory system for the supplier’s product.
However, the two motivations are different in t@aeémer’s is based on a double moral hazard model.
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monotonic relation between buffer size and thermettiveness of throughput. However,

for reasons of tractability, unlike Alles et al.e\assume that the agent is risk-neutral.

Il. The Model and Initial Analysis

The firm consists of a risk-neutral principal amggkat who, at the start of the
period, agree to a contract. The agent is hiresttaip a workstation that processes
incoming, intermediate units (e.g. testing compuletemputers or welding automotive
chassis). The intermediate units arrive stochdbtjeaith a known mean arrival rate of
A, at the workstation’s incoming inventory buffethese capacity i® [0 , allowing a
maximum ofb - 1 units to be held in front of the workstationilglthe workstation
processes 1 unit. As described earlier, if an meégliate unit arrives and the buffer is not
full, the unit is added to the inventory. Howeuéthe buffer is full, blocking occurs and
intermediate units cease arriving until there iscgpin the buffer, whereupon the
intermediate units begin arriving at the same sistib rate as before.

Once the contract is agreed to, but before the station begins processing, the
agent chooses his personally costly set-up effavhich affects the rate at which his
workstation can process the intermediate unitst @fiart is unobserved by the principal
and is subject to moral hazard. The arriving in&stiate units are sufficiently
heterogeneous that the agent’s effort does noegiiyfcontrol the rate at which the

workstation processes the incoming intermediatesuRiather, the intermediate units are

processed at a stochastic rate with meéih+ h) , Whereh[ (—1,oo) represents the

2 Alternatively, one can interpret the model as ionehich the intermediate units continue arrivingile
the inventory is blocked but are diverted elsewh®fbat is important is that in both cases, blocking
imposes an opportunity cost on the agent becaukesés the chance to process the intermediate thaits
might have been added to the buffer had it not thelén
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productivity-enhancing resources the principal &léscated to the agent. Examples of the
latter include: machine and tool upgrades, impravetking conditions, training, etc. As
the workstation finishes processing an intermediaig the agent reaches into the buffer
for the next unit on which to work. If the buffer @mpty, starving occurs and the
workstation is idle until the next intermediatetuanrives. See Figure 1 for a graphical

description of the process.

v
v

Incoming units Non-full, Workstation processing a unit
sent to buffer non-empty
buffer

»
»

Incoming units Workstation processing a unit
blocked Full

(blocking) buffer

a

No incoming Workstation idle (starving)
units currently Empty
arriving at buffer

workstation

Figure 1: In the top panel, the buffer is not fullkoming units are added to the buffer,
and the workstation starts processing a unit frieenbuffer once it completes the current
unit. In the middle panel, the buffer is full, iraog units are blocked from entering the
buffer until the workstation finishes processirgatirrent unit, and the agent withdraws
the next intermediate unit from the buffer (bloakinin the bottom-most panel, the
buffer is empty and hence the workstation is idtlarved) until the next unit arrives.
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The principal chooses both the agent’s compensatbame and the buffer size,

b. We restrict our attention to linear compensasionedules for the agent consisting of a
fixed paymentW,, plus an incentive wag&Vy, based on realized throughput — the

number of units processed per unit of tifrfe.

Lastly, we assume that the marginal cost assocwitideach unit of buffer
capacity isc > 0, the agent’s marginal cost of effortis 0, and we normalize the

marginal cost oh at 1 dollar per unit of resource.
All notation and assumptions are as follows:

A =the mean arrival rate of the intermediate ufite arrival rate is Poisson distributed,
implying that the time between arrivals is disttdiaccording to an exponential
distribution with mean ofl™*.°

r =the level of effort the agent exerts at privaist,ar.

h = the amount of productivity-enhancing resourdexated to the agent. The

principal’s out-of-pocket cost is
r (1+ h) = the mean rate at which the agent’s workstatimegsses the intermediate

units. The actual processing time is distributetbading to an exponential

distribution.

3 Given that the basic properties of queuing systerastated in terms of rates (i.e., arrivals et af

time, number of units processed per unit of time)assume that the principal compensates the agent o
throughput per unit of time rather than total trgbput. Linear compensation schemes are frequesdg u
in practice (see (Berg and Fast 1975) and (Hall.€2000)) and are used extensively in the anallytic
literature; e.g., (Feltham and Xie 1994), Alleakt(1995), Hemmer (1995), Hemmer (1998), and
(Gietzmann and Hemmer 2002).

* In the Conclusion, we discuss the possibility aftcacting on the inventory level.

® In an exponential distribution, the same paramtét&rrepresents the mean also represents thewaria
For simplicity we refer to the choice of this paegter as the choice of the mean.
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b = the maximum number of units the station canesf(buffer size). The principal incurs

the capacity costb each period.

K= the steady-state mean throughput per period, W/itﬂenoting the realized
throughput.

w, W, = the incentive payment made to the agent peraamitpleted per period, and the

fixed salary payment respectively.

Notice that in our model there are two sourcesosdenthat make it difficult for
the principal to infer the agent’s effort from thghput. As is common in agency
problems, the relation between the agent’s effiodt the time required for the
workstation to process an intermediate unit isksstic. In addition, the rate at which
units become available to be processed is alsbastic. Thus, even if the relation
between the agent’s effort and the time requirgard@ess an intermediate unit were
deterministic, instantaneous throughput would bglistochastic in the agent’s effort.
Placing an inventory buffer in front of the agem/erkstation is one way of dampening
out the effect of the variation in the arrivalswever, as we will show, such dampening

can also reduce the informativeness of throughpilnt nespect to the agent’s effort.

Our assumptions regarding arrival and processites ffallow the standard
M/M/1/b queuing model with finite buffers used in the Gytiems Management
literature® Thetransientbehavior of queuing systems with finite buffersmat be

described analytically, although teeady-statéehavior of such systems can be

® (Balsamo et al. 2001), (Berkley 1992), and (Groetteh993), among others, cite théM/1/b model as
the most widely accepted modeling approach for petidn systems with finite buffers.
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described in closed forfAs a result, the Operations Management literaypieally

uses simulations to analyze the transient behafiqueuing models with finite buffers
and closed-form analysis to examine steady-stdtawber. In contrast, agency models
have emphasized rewarding transient behavior, ypstrbplifying the production process
(e.g., using the LEN model) to achieve closed-feotutions® In order to incorporate
stochastic intermediate unit arrival rates, stotbg@socessing rates, and finite inventory
buffers in our analysis, we must accept a numbermoplifying assumptions, which we

discuss next.

First, we focus exclusively on the problemsteady-state That is, we assume that
the principal is interested in maximizing lsteady-statexpected profit. In turn, we
assume that the agent selects his effort to magilmizsteady-statexpected utility’
Second, focusing on the steady-state implies tleatwst also assume that the agent
cannot intervene while the process is operatingexample, he cannot vary his effort in
response to changes in the number of intermedrate in the buffer, because such
variation would prevent the system from attainingesady-state equilibrium. This
motivates our earlier assumption that the ageffiftstas primarily involved in setting up
the workstation before production begins this pbridThird, even with these
simplifications, for reasons of tractability, weenkto assume risk-neutrality on the part

of the agent. However, we do assume that the agjsabject to a limited liability

" The process attains steady-state when the pritiyabigitributions over inventory levels and thropgi

are no longer functions of the starting conditicarsjl no longer vary over time. That is, while thalized
inventory level and throughput at any moment atkeustcertain, the probability distributions which
describe them do not vary over time.

8 For exceptions see (Balachandran and Radhakrik®@8), (Radhakrishan and Balachandran 1995) and
(Radhakrishan and Balachandran 2004), who use mgieubdels similar to ours to analyze the role aftco
allocation in resolving congestion problems.

o (Lu et al. 2006) and (Kim et al. 2007) restrictitmalysis to steady-state for the same reason.

10 An example would be the agent who sets up andranagthe workstation that welds chassis in the
automotive production line. As long as the workstats in control, the agent does not intervene.
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constraint. In particular, we assume that the gwadanust leave the agent with a

minimum level of utility regardless of realized put.**

As noted, the workstation’s realized output pett ohtime or throughpu , is
stochastic, though theeansteady-state throughpug, can be represented as (Hopp and

Spearman 2001):

1_(r (1+ h%j_b
1_(r (1+ h%j_(bﬂ)

where p, is the steady-state probability of the buffer lpefull; i.e., the steady-state

K(b,r)=A(1-p,)=A @

probability of blocking. The workstation’s steadgte mean throughput is thus equal to

the unblocked mean arrival rate of intermediatésyfil ), times the steady-state

probability that the buffer can accept an additiamat when it arriveél— pb). In

equilibrium, the workstation’s average output rigtéhus equal to the expectefiective
arrival rate of the intermediate units. The steatife mean throughput is increasingrin:
the agent’s efforth, the level of resources allocated to the aggrbe size of the input
buffer; andA , the mean arrival rate of the intermediate uidtguation (1) demonstrates
that the agent’s effort affects throughput viaeitiect on the probability of blocking, or

equivalently, the probability of starvir§.

" (Demougin and Garvie 1991) analyzes a model withmélar assumption. Alternatively, we could
assume that, because of the agent’s limited ltgbtle principal cannot pay either a negative piexde or
a negative fixed wage. Our results remain unchamgedthis alternative formulation. The only effast
on the optimal fixed wage.

2 The two probabilities are directly related in ttiz probability of starving i, :1—ﬁ(1— pb) ,

allowing (1) to be rewritten a& (b, r) =r (1+h)(1- p,) . Note that a change in the buffer affects the
probability of starving in the same direction (jiiacrease/decrease) as its effect on the probabfli
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In designing the firm, the principal maximizes k&pected steady-state profit
with respect to her choice Qw, W, b, r) subject to satisfying the agent’s Individual

Rationality constraint and Incentive Compatibilignstraints, where the latter ensures
that the agent finds it in his best interest toad®the principal's desired effort level,

This full profit-maximization problem can be solviedtwo stages. First is the cost
minimization stage in which the principal finds tleast costIy(W, W, b) that will
induce the agent to choose each feasible effoel levThis generates a feasible set

{(W,V\(), b, r)} . Next is the profit-maximization stage, in whidtetprincipal chooses

from this feasible set théw, W, b, r) that maximizes her steady-state expected profit.

The advantage of this two-stage approach is thayaing the first stage is easier than
analyzing the full profit-maximization problem, yes noted in Grossman and Hart, 1983,
one can still derive the properties of the optis@ltion from the results of the first-stage
analysis. In particular, any incentive effectsrofentory buffer size found in the first-
stage analysis will influence the principal's fulbfit-maximization problent®

Consequently, our subsequent analysis focusesaiyzamg the first step — minimizing

the cost of inducing the principal’s desired effort'*

The first stage of the analysis can be written as:

blocking.

31n Appendix A we provide several numerical exarspteillustrate this point.

14 Other papers which use the Grossman-Hart approastudy situations in which the agent’s obedient
action is exogenously given include: (Gigler andrtdger 2002), (Dutta and Gigler 2002) and (Arya and
Glover 2008).
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Min{wyb}wK(b, h r*) +Ww,+ cb+ h

S.t.
(Program 1) _ -
wK+w—ar=0 0OK (LL)

r’ Darg max (WK (br)+w, - ar) . (IC
Constraint (L) assures that the agent attains a non-negatiity tdr anyrealized

throughput rateK . Constraint IC) ensures that the agent will select the princgpal’

desired level of effort”, when he maximizes his steady-state expectedyutiti the
First-Best case, in which the agent’s effort is sudbject to moral hazard, thi€)

constraint can be ignored and, given that the mininpossible realized throughput is
K =0, constrain{LL) implies thatw, = ar’ andw = 0. That is, the principal pays the
agentw = 0 andw, = ar if and only if the obedient effort =r" is observed. Hence the
size of the buffeb plays no role in the agent’s compensation in tingt4Best solution. In
the Second-Best setting, Constrdirit) will again bind, implying thawy, = ar’.
However, thgIC) constraint now requires that>0. Thus,w represents the agency
cost per unit of throughput, and it is the behawiow in b that captures the incentive

effect ofb in the Second-Best setting. Finally, note thatlevthie principal could infer the

agent’s effort from theneansteady-state throughput rate, only thalizedthroughput

rate, K , is observed, upon which the principal cannot mieitgistically derive the agent’s

choice of effort.

In the full profit-maximization problem in whichelprincipal searches

over{(W, w,, b, r)} , She balances three effects in choo&inBoth the capacity cost of

inventory €b) and the expected revenue (via the mean througlhrﬁbtr)) are
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increasing irb. These are the direct effects of the principatsice ofb. The principal’s
choice ofb also has an indirect incentive effect. Constréi@j indicates that the choice
of b influences the incentive compensation wageequired to induce the agent to
choose each feasible actionand thus, which action the principal will choesenduce
the agent to take in the second-stage analysisfdllogving Lemma characterizes this
incentive effect and guarantees the validity ofiret-Order Approach to the agent’'s

choice:

Lemma 1: The agent’s problem is concaverirFurther, the optimal piece-rate is:

oK (b, r)j‘l

w(b, r )=a( o

r=r

which is non-negative and increasing in the priakgchoice ofr”.

The optimal incentive wage is given by the agemtagginal cost of effort,
divided by the sensitivity of mean steady-statetighput to his effort. The more
sensitive the performance metric is to the agesftat (i.e., the greater the agent’s
marginal productivity), the lower the piece-ratquiged to induce the agent to implement
the obedient effort and the lower the agency cbdbog so.The basic idea is that the
more sensitivi is to variations i, the more likely it is that the principal can ddtec
any deviation from the desired; therefore, the lower the incentive wage necessary t

dissuade the agent from shirking. Henceforth, vier i® the sensitivity of throughput to

K (b, )

the agent’s effort; 3 , as thanformativenes®f K with respect to the agent’s
r
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effort.’ As illustrated by (1), the agent’s ability to aff& with his choice of effort is
entirely driven by the agent’s ability to change firobability of blocking and starving
via his effort. Given that the wage required toucel the agent to take the desired action
is inversely related to the informativeness of tigioput, we turn our attention to
characterizing the relation between the principalisice of the buffer size and the

informativeness of throughput with respect to therd’s action.

lll. Results

We will sometimes refer to the mean rate at whighworkstation processes the

intermediate units relative to their mean arrl\aauarr (1 h%, as p, the workstation’s
production schedule. We parameterize our discusgittmrespect to the production
schedule,po, since we treat both the amount of help resoutces)d the mean arrival

rate of the intermediate unitg,, as fixed.

Recall that in the agency model, the principal cengates the agent as if she
were inferring the agent’s effort from the perfomoa metric (Holmstrom 1979).
Consider first the case in whigh>1, implying that, on average, the workstation
processes intermediate units more quickly than #raye. If the buffer sizeb, is

sufficiently small, the resulting probabilities loibcking and starving are large, causing

!> Notice that our interpretation of informativenessl its relation to the agent’s incentive compéagat
weight are somewhat different from the signal t@sedaatio interpretation and relation in (Banked an
Datar 1989). The reason for these differenceslgreur agent is risk-neutral and, thus, the eftdéctoise
on risk is irrelevant; and 2) with a (Grossman adt 1983) type analysis, the principal’s desirédrefor
the agent does not vary with the informativenessutput. Our notion of informativeness and itatiein
to limited liability rents is most closely relatéalthat in Laux (2001) and Laffont and Martimor0(2)
p156.
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throughput to be small. In this case, becausee$thall throughput, there ai@v units
per period of time available to the principal (j.e.small sample size) on which to infer
the agent’s action choicéherefore, throughput is relatively uninformatasfeoutr. By
increasingthe bufferb, the principal can increase the number of unitslpced per unit
of time available to the principal (i.e., througlypon which to infer the agent’s action.
The increased number of intermediate units avail& final processing from increasing
b makes the mean throughplt, more sensitive to, and hence informative of agent’s
effort choice. Therefore, whdmis small, the principal can improve the informatiess

of throughput by increasiny

The above intuition is based on a small increasestarting at a buffer which,

given p>1 (i.e., r > A), is sufficiently small to severely restrict thghput because of

blocking and starvingHowever, the effect of increasing the buffer on the
informativeness of throughput differs once the bui$ already large enough so that
blocking and starving are not severe. Increasirftgbsize beyond some point must
result in adecreasean the informativeness of throughput with resgeat To see this,
note that in the extreme, whbns infinite, there is zero probability of blockirmd,

given p >1, the mean steady-state throughpuKis A, which is independent of the

agent’s effort in excess of. Thus, when there is no blocking, is totally insensitive to
and uninformative about the agent’s effort beydraldut-off levelA . This implies that
some probability of blocking is necessary for thtughput to be informative with

respect to the agent’s effort.
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Recall that throughput can be informative aboutvits sources of variation: the
rate at which the intermediate units arrive andréte at which available units are
processed by the workstation, whereas only therlatdetermined by and informative
aboutr. Increasindg beyond some point results in the relative amof@imformation
about this second source of variation (on whichptiecipal wants to base the agent’s
compensation) to decrease drastically. So whiarrelatively large, the principal can
increase the informativeness of throughputlbgreasing bThis intuition is formalized

in the following propositiort®
Proposition 1For any fixedp >1, the informativeness of throughput with respedht®
agent’s choice of effort, is either decreasing in the size of the buliét,] , or initially

increasing irb and then decreasing im

Figure 2 illustrates Proposition 1 and the precagdituition; when the buffer is
relatively small (large), the informativeness afaiighput is increasing (decreasing) in

buffer size. The proposition also adds the possitiiat the informativeness of

throughput is monotonically decreasing in buff@esiThis case arises because, no matter

how small the buffer sizéb 21) , there always exists a sufficiently large valugoothat

causes the probability of blocking and starvinpeovery small, causing the

informativeness of throughput to decrease in budise. Using Lemma 1, Proposition 1
leads to the empirically testable result that tieentive wage rate (i.e., the marginal cost
of effort divided by the informativeness of thropgit) should be either increasing in

buffer size or U-shaped

18 All proofs are in Appendix B.
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SRS

Informativeness of throughpuK,
with respect to effort;

[
»

b
Figure 2: The level of informativeness is plotted for thokEerent production schedules:
P; with 2 < p < p . Note that additional buffers may always decrehse
informativeness of throughput when the producticmesiule requires the agent's station

to process incoming units sufficiently quickly,iaghe case above with .

The intuition for Proposition 1 suggests that, wherlatively large buffer causes
the probability of blocking to be very small, thengipal would want to decrease the
buffer, while when a relatively small buffer causies probability of blocking to be very
large, the principal would want to increase thefdrufSince the probability of blocking is

always decreasing i, intuition suggests that the optimal buffer sikewdd also be

decreasing ino . This logic is formalized in the following proptisn:

Proposition 2For p >1, the buffer sizep, which maximizes the informativeness of

throughput with respect to the agent’s choice firefis decreasing in the production

schedulep .
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To this point we have addressed only the case inohwh>1. When p<1, on

average, the workstation processes the intermegdinate more slowly than they are

arriving. Unlike the case witho >1, when p <1 even as the buffer size tends to infinity,

the marginal effect of the agent's effort on thaaibility of blocking does not go to zero,
because no matter how large the buffer, the prai@an never eliminate the threat of
blocking. In this setting, the principal continuesncrease the informativeness of
throughputy increasind, as this lowers the probability of blocking, whichturn

allows the agent a greater opportunity to influetheeprobability of blocking, and

consequently, throughput. This logic is summarizeithe following corollary:

Corollary 1:When p <1, the informativeness of throughp#t, with respect to the

agent’s effortr, is everywhere increasing in the buffer size,

Becaus# is integer-valued, when the optimal buffer is #nfas wheno >1), it
is difficult to characterize the optimal bufferciosed form. However, Proposition 3

establishes the interval in which the optirbahust lie as a function @f.

Proposition 3:Whenl< p < 2, the optimalb lies in the interval:ﬁ—1< bs2h.
When p =2, the optimal buffer i® = 1.

The first part of Proposition 3 indicates that doenmon objective in the JIT

literature of eliminating WIP inventory buffers € 1) would incur agency costs if the
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agent is not being asked to work relatively harel (1< p < 2). More generally, our
results point to the complementarities that arateid between the choice of buffer size
and the choice of production scheduyte, as a result of the effect of both on the
informativeness of throughput as the performanceiare Changes in buffer size

without associated changes in production schedaridead to unintended agency costs.

Our analysis of the effect of buffer size on thimrmativeness of throughput is

based on the buffer’s role in blocking and startimg production process, with the other

organizational design variablés*,/i,h) held fixed. However, we can also view these

design variables in terms of their potential effeat the informativeness of throughput
via their effects on the probabilities of blockiagd starving. Situations can exist in
which it may be more efficient to manipulate thiormativeness of throughput by
varying these other design choices than by varthedouffer size. For example,
increasing buffer size has space utilization ingilans that the other variables do not;
i.e., one cannot increase buffer size if thereoigdditional space available, whereas it
may be possible to upgrade the workstation machifiecreasen) or speed up/slow

down the upstream workstations (vaty . Similarly, buffer size increments come in
discrete steps while the other design variables atlaw for finer adjustments. This
motivates us to consider the effect of these adleergn choices on the informativeness of

throughput while holding buffer size fixed, whichdonsidered next.

Proposition 4 Holding the buffer fixed, the informativenesskofor is:

" Thus, our results are consistent with the compieargies literature, for example, (Milgrom and Rois
1990) and (Milgrom and Roberts 1992).
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a. increasing in the mean arrival rate of intermediatis, /A,

b. decreasing in the principal's desired level of agéfort, r*, and

c. single-peaked in amount of help resources allocat¢ide agent.

IncreasingA decreases the likelihood of starving, which in tteduces the effect
of the variation in arrivals on throughput, makithgoughput more informative about the
other source of variation, the agent’s efforifThe same logic holds for decreases. in
The more interesting result concerns productivititacing investmentg, Proposition
4 implies that even ignoring out-of-pocket codteré are two counter-acting effects to
increasing productivity-enhancing investments Far agent. The direct positive effect is
that such investments make the agent more prodydtiereby increasing his ability to
influence throughput, blocking and starving. Theiiect, negative effect is that such
investments may render the agsoproductive, that holding effort fixed, the threst
blocking tends to zero dsincreases, even if the agent's effort is only ngglke. Because
throughput only reflects effort to the extent ttied agent's effort affects the probability
of blocking beyond some point (1), increasel make throughput less sensitive to the
agent’s effort and therefore less informative alibatagent’s effort, making it more
costly to motivate him. In a sengeplays the same role as buffer size in our earlier
analysis. Bothh andb can be looked at as productivity-enhancing investshand both
can have negative agency cost effects as a rdgukio effects on the informativeness of
throughput as a performance metric.

One can interpret Propositions 1, 3 and 4 as lgbhiig a value to creating

bottlenecks, either by choosing a finite buffelesiz a finite amount of productivity-
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enhancing investments. The value arises for ineemgasons. This goes against
conventional wisdom in the Operations Manageméertdiure, where the primary focus
is on lost revenues rather than agency-cost miitaz. Combining the two objectives
into the firm’s objective function may mitigate tfarce of our results; however because
all of our findings are obtained using arbitrarygraeter values, the incentive issues
identified would persist in the face of additiondlectives. Appendix A provides a
numerical example for which we solve the principakpected steady-state profit
maximizing problem. The solution illustrates tha¢ agency effect that we have found

continues to hold.
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[1l. Conclusion

As noted in the Introduction, the previous literathas largely ignored the effect
of organizational design decisions on the inforretess of performance metrics. The
present study analyzes the relation between theelod the firm’s production line
buffers and optimal incentives. The Operation Ma@magnt literature has focused on
ways of reducing the probability of blocking andrstng in production systems. A major
insight from the present work is that we identifyiacentive value for blocking and
starving that arises from the firm’s choice of tenbuffers. We show that under
reasonable conditions the informativeness of thnpugyas a performance metric is
single-peaked in buffer size and therefore, ifgsmal to induce non-zero probabilities of

blocking and starving by setting the buffer sizamointerior valuge >b>1). We

further show that the information-maximizing bufferdecreasing in the effort which the
principal wants to induce from the agent. Therefare would expect to observe smaller
buffer sizes in settings with more aggressive petidn schedules. Our findings thus
emphasize the incentive complementarity betweefebsize and production schedules,
and provide a possible explanation for the mixegieoal evidence regarding the
profitability of work-in-process inventory reductis (see (Nagar et al. 2009)).

This research spans two different disciplines, Mgnial Accounting and
Operations Management, each with its own nuancgégaradigms. It represents an
attempt to bridge these two literatures by weavaggther some of the basic models of
each. To do so, we have had to make a number oélmgdassumptions. We ignored
some of the factors that are identified in the @pens Management literature as

influencing the inventory buffer decision in orderfocus on incentive issues and the
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informational effect of the buffer size decisiomrexample, some of the claimed
benefits of small buffers under JIT which we hayeored are: the ability to identify
production problems earlier, shorter lead-times, faster responsiveness to changes in
market conditions. However, we are confident thatihcentive consequences of
inventory buffers brought to light by our analygidl be present notwithstanding these
other factors.

A specific limitation of our model is the assumpitiof linear compensation.
While we made this assumption for analytical reastime crucial aspect for preserving
our qualitative results is the monotonicity of canpation in the agent’s marginal
expected productivity, as is either assumed or shiovbe optimal in the majority of
agency models. Our analysis also assumes thag#re & risk-neutral. However, recall
that the principal choosésbased on the information content of throughutvith
respect to the agent’s effort. Therefore, to themixthat a risk-averse agent must be
compensated for risk, intuition would suggest thatresults would be strengthened in
the presence of risk-aversion. However, introduciskraverse agents imposes several
analytical complications, and we leave the resotutif such issues to future research.

Another simplifying assumption is that the ageotsnpensation is based on a
single performance metric. Clearly, other perforogametrics are possible, including
realized inventory levef However, if mean steady-state inventory levehis t
performance metric, then it does not offer anyrimfation above and beyond the mean
steady-state throughpu, since both measures are functions of exactlpdmee

variables. On the other hand, if we alloweddontinuousmonitoring, as with RFID,

18 We thank a referee for raising this issue.



Informativeness, Incentive Compensation and Thaedehaf Inventory Buffer pages

then we could isolate the agent from the stochiasti€ the arrival process and mitigate
the agent’s moral hazard probléfin this case, our problem reduces to the tradidion
moral-hazard setting where the agent always hak tegsrocess, and the principal infers
the agent's effort via stochastic output. It waihierefore be interesting to empirically
analyze the incentive effect of buffers both befamd after the installation of an RFID
monitoring application to see the extent to whiokytare used as substitutes to filter
noise in available performance measures. We leafigure research such inquiries, as

compensation data surrounding RFID installationsisyet readily available.

19 Radio-frequency identification (RFID) involves “an integrated circuit with an antenna, known as a
‘tag,’ attached to a...product. Product informatieneell as other relevant information can be standtie

tag. ... Using wireless technologies, readers casebep to read the information on the tags...” (Lee a
Ozer 2007, p. 40).
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Appendix A
In this appendix, we provide a numerical examplelnch the principal’s

objective is to maximize her steady-state expeptedits. Her choice variables are

buffer sizep, the compensation contragty,, w), and the agent’s effort levet;

where the latter is subject to moral hazard. Uniileeanalysis in the text, this
example does not take a Grossman-Hart approadk mgtead a full expected profit
maximization in which the principal chooses boté buffer sizeb and the effort level
r" to induce the agent to implement. We then compareptimal buffer to that of
the same problem except that the agent is not cuigjenoral hazard but the principal
still chooses to induce the agent to implemenstrae effort level” . Comparing the
two optimal solutions allows us to isolate the midee effects of the principal’s
choice of buffer size. The example demonstratesaimafindings continue to hold in
the full, steady-state, profit-maximization probleim particular, the incentive effect
of buffers continues to exist and can bias theqgad’'s profit-maximizing buffer
away from the no moral hazard solution.

The example assumes that the principal’s revenuarpeof throughput iR
dollars. To facilitate the exposition, we fix= 0. The principal’s steady-state
expected profit-maximization problem is thus:

Mavx, ., 4 B R K(b )= wK( b )- w- o
St
wK+w-ar=0 0OK (LL)
r Dargmax (wK (b r)+w,-ar) . (C)
Varying the size of the buffer has three effedtgigurs a carrying cost af

per unit of capacity, it substitutes for effortthroughputK, and it affects the agency
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cost paid to the agent. The latter two effectsdly influence the principal’s
preferred action choice. The relative importancthefthree different effects varies
with the specific parameters employed.

In our example, we séR =350, c= 10,a= land A =1. The principal finds it
optimal to induce the agent to work relatively hgpd=r" =2.11) and to set the
buffer size ab = 3. Figure Al plots both the expected steadyegiadfits and the
informativeness of throughput while fixing the irdal effort atr” =2.11, but
varying the buffer size. If there were no moraldrazproblem and the principal set
r’ =2.11, the profit-maximizing buffer size would tbe= 4, as indicated in Figure

Al

Second-Best Profits and Informativeness
p=211

—=— Profits

300

Y—'\\ —e— Informativeness
250 A
A No Moral Hazard
Optimal Buffer
150 \ \

l\

No Moral Hazard
100 Optimal Buffer

N
=}
S}

Profits

50

0 1 2 3 5 6 7 8 9

4
Buffer

Figure Al: For (R:350,c: 10,a= 14 = ;t the moral hazard optimal solution

is p=r"=2.11and b=3. The curves are drawn for fixpd=r" =2.11 but
varying b. For the no moral hazard case in whicé ghincipal chooses

p=r =2.11, the optimal buffer size is b=4.
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The incentive effect of buffers is illustrated Inetdifference between the
optimal buffer in the presenck € 3) and absencé € 3) of moral hazard on the part

of the agent. Recall from Proposition 3 that wipen2, the informativeness of

throughput is alwaydecreasingn buffer size, as in Figure Al. As a result, the
principal finds it optimal toeduceher choice of buffer size froim= 4 tob =3 in

order to increase the informativeness of througlapatreduce the agency costs.
However she doesn’t reduce the buffer to its mimmioi= 1, because the resulting
reduction in throughput and hence revenue, woulctertitan offsets the savings from

reduced the agency costs.
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Appendix B

Lemma 0:The functionf OC¥[a, § has a root of multiplicityk at r if and only if:

0=f()=f'()=f"()=..=F*D¢) but f¥¢)z0

Proof of Lemma 0See Theorem 3.20 and Corollary 3.21 in (Vinbédg1) and

(Artin 1991).00

Proof of Lemma 1The agent’s utility is given by = WK(b, r) + w, — ar. Hence:

ou_ 0K
—=w—-—a
or or
Fu_ 0K
or? or?

Substituting the functional form &f from (1) yields:

b+l{b(r(1+ h) —A){A [%(“h)f +r(1+ h)J* 2r (1 h))‘{(%(nh)jb - 1]}
[A (% (1+h)jb_r(1+h)f |

(1+h)*(w) (b+ D(%(l*h)j

and the denominator is non-positive if and only61+ h) > A. Further,

b+l
(W)(b+l)(%(1+h)j > 0. Hence, if we can show that
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[b(r(1+ h) —)\)[A(%(“h)jb +r(1+ h)}+ 2r( 1+ h))\[(%(“h)jb - 1}} is non-

2
negative if and only if (L+h) = A, we will then have established thgat% <0.
r

To this end, we can re-write the expression as:
(r (1+h))_b[b(r(1+ n))*" +(r(1+h))" (<A = ) + r( 1+ h)A" (2+ b)- b\*’*ﬂ ,
labeling the expression in square brackigtsiccording to Descartes’ rul&l can
have at most three rootsnnUsing Lemma 0O, note that:

0°N

3

_oN| =02N|

N|r:ﬁ T oor or?

=0< b(1+ h)* A" (2+ 3o+ 1f )=

r=A

—A
r=-"- = A
L+h M=%+

which shows that all three roots arerzé1+ h) =\ . Finally, since the third derivative
is positive, the Extremum Test assures Mags a saddle point a(1+h) =A ;*°
thereforeN alternates in sign as(1+h) crosses\. However, since at(1+h) =0,

N is negativeN must be non-negative far(1+h) =2 > 0.

The constraintlC) can be expressed as:

implying,

2

KoY ()" -]

= 2320 < (wen) (- () (a-p{a-00)))

% For an explanation of the Extremum Test, Isie:/mathworld.wolfram.com/ExtremumTest.html
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andw is both positive and increasingrin’

Proof of Proposition 1Because we have defined informativeness as aargnes

the inverse of the incentive wage, it sufficestiows that the incentive wage is either

“U” shaped in buffer size, or increasinglin In particular, we will show that if the

wage is increasing ib, at sayB, then the wage continues to increase fobatlb.
Then we will show that there exists a finitéeyond which the wage must be

increasing irb.

In general, we can write:

a(pb+1 _1)2
(1+h)(bo" - (b+1) p°-1)

w(b, o) = ) )

where, henceforth to simplify the notation onwasde,omit the constan(tlf—h).

Hence,

~(p-1)(p™ ~1)+(b(o - 1)1+ p™*) - p(p°~ 9~ § logp )
(bp** - (b+1)p" +1)’ |

%w(b,p) =p"(p" -1

(2)

We first claim that the denominator of (2) is digigositive. To see this, note
thatbp®™ - (b+1)p" +1 has a root ap =1; its first derivative evaluated g2 =1 is

zero and its second derivative is strictly posifimeall © =1, implying that the
denominator is strictly positive for alh > 1. Thus, the sign of:—bw(b,p) IS

determined by the functiot(b, p), where:

t(b.0) ==(p-1)(0"* -~ 1)+ (b(o - 1Y 2+ p**) - p(p°~ 3 - } logp )
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We will show that ift(b, o) is positive, it is increasing i, implying that
once the wage is increasing in buffer dizé will continue to be increasing imfor

larger buffers. To this end, note that the firsttén t(b, o) is strictly negative for
p >1. We first show that the second termt{lb, o) is strictly positive foro >1. To
see this, note that we can write the coefficientogi{o) as

-1-b+ (2+b)po — (b+ 1)0" + p*®, which is zero ajp = 1, strictly increasing ino
at o =1 and which has a strictly positive second derivativp for p>1:

b(1+ b)(0" (20 + b(p - 1)- 1)> C.

Thus, ift(b, p) is positive, it must be the case that:

(p-1)(p™" -1)
I .
og(p) > b(p_l)(1+pb+1)_p(pb_ 2)_ 1

To show that ift(b, p) > 0, t(b, o) is increasing irb, we differencet(b, p) in

tb+1,0)-t(b.0) = (0~ 1Y~ (o~ 1" + (I o+ 1p**+ o+ 1p™°) logp )

The coefficient oflog(p)in (4) is always positive, hence we can use thenddar

log(p) from (3) to form a lower bound fd b +1,0)-t(b,p0):

t(b+1,0)-t(b,0) = (0~ 1)~ (o~ 1™ +( T o+ 1P+ o+ 1p**) logp )

> (p=1) ~(p-1)p*" +(1- b+ D+ b+ 1p*7)———L—E D

b(o-1)(1+ p) - p(p" - 2)- 1

-1+ (3+ D)o — (3+ DY** + p*?®
—-1-b+ p(2+b)- (b+ 1)p""™" + hp**

=(p-1y

(3)

(4)
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The denominator above is identical to that in ¢@)ich we have already shown was

strictly positive for p >1. Thus we need only sign the numerator, which hascst

three roots according to Descartes’ rule. Howewesccordance with Lemma 0, the

numerator has all three roots@at 1, and since it has a strictly positive third

A~

derivative in p, the expression is strictly fgp >1, implying that if at somé = b

the wage is increasing in buffer sizteéﬁ, p) > 0), then it will continue to be

increasing in buffer size for larger buffers.

To prove that the wage is eventually increasinigufier-size, note that for

p>1, tI)imt(b,p) = oo, implying that there exists a finife for which t(b, p) > 0.

Proof of Proposition 2In order to characterize the most informative euffize, it

suffices to characterize the lowest incentive wageWe will show that if the wage

is minimized atb when p= ,DJ then the wage will be increasingbrat b when
P> ,DJ; thus by Proposition 1, the wage minimizing buffar p > ,DJ is less than or

equal tob.

Suppose the wage is minimizedtatvhen p = p, Then by definition of a
minimum: w(b, ) - W(b-1,p)< 0< w(b+ 1,0 )~ W(hp ). To complete the proof, we

will prove thatw(5+1,%)— W(B,E))z 0 implies W(B+1,p)— W(B,p)> 0 for p> E)

To this end, consider the differene€b+1,0)— w(b,0):
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b1+b_3,0(b+1)+ ?p2+b +p3+b_ (2+ bp3+2b+ m&ﬂ)
(1- (b+1)0° + bp™™®)(1- (2+ b)o™ "+ (b+ 1p™")

(p-1p

We first claim that the denominator of (5) is al®gpsitive. Using Descartes' rule,

the first term has at most two roots. The termisn@irst derivative ino evaluated
atp =1 are both equal to zero. Therefore Lemma 0 impliasits only positive root
is 0 =1 and since its leading coefficient is positive, thien is strictly positive for
p >1. The same argument shows that the second terne ideiiominator is strictly
positive for p > 1.

Thus, the sign of (5) is determined by the numer&pplying Descartes'

rule, the numerator has at most four positive rgotg . Because the numerator and
both its first and second derivativesnare equal to zero when =1, Lemma 0

imples thatp =1 is a root with multiplicity three. Because the thdterivative of the

numerator inp evaluated gb =1 is negative(—3b2 -9b- 6) , but the leading

coefficient is positive, the final root ip, which we Iabel,o(b) must be greater than
1.

Now, supposev(b+1,0)- w(b/0)= 0. Then it must be the case thatis

greater than or equal to the final rogzvt(f)); therefore, ifp > % thenp > ,0(6) , in

which caseW(B+1,p)— W(hp)> 0, and thus the wage-minimizing buffer for> /D:)

must be no larger thaln. 0

Proof of Corollary 1The proof is similar to that of Proposition(2.

(5)
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Proof of Proposition 3By definition, the information-maximizinig will equivalently

minimize the wagey. We identify a sufficient upper bound bpas parameterized

by o, for w(b+1, p)-wWh p) to be positive, and a sufficient lower boundhoior
w(b+1, p)- W(h p) to be negative. Combining the two bounds, we idigatiregion
for b wherew(b+1, p) - W(h p) crosses zero ih, defining the wage-minimizing

buffer size. We begin with two additional Lemmas:

Lemma 2:Let f(x)=a,X + ..+ g x+ g be a real polynomial wittf (1) = 0.
Furthermore, assume that there exisks<an—1 such that fori >k , a >0 and for

i<k, a<0.Thenf(x)>0 for x>1 and f(x) <0 for x<1.

Proof of Lemma 2For all x>1 we have

f(x)>(a,+a.,+..+ a,) X" -(—-a- a,— .= @ 5 Sincef(1)=0, the sum of
the terms in the parentheses are equal, and weel#eosum bys. Clearly, s> 0

and sx(x-1)> 0 for x>1; hence, f (x) >0 when x>1. Similarly, for all0< x<1,

we havef (x) < s¥*' - sX = s¥( %1)<0. This concludes the proof of the lemma.

Lemma 3 Let b be a natural number anal>1, then:
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(i+1)p

Uh

7 |
==

b+1
<

pt
b " b

olN

p+1<

o

(i+1)p

o

for p>1, and the opposite weak inequalities hold wheql.

Proof of Lemma 3:

First consider the inequality on the right-hancesifiet

b-1 b
f(p)= (b ! +—1jz (i+1) ' -> (i+1)p
b i=0 i=0
We want show thaff (p) >0 for p>1 and f (p) <0 for p<1. Thus, it is sufficient

to show thatf (p) satisfies the hypothesis of the previous lemmst,Rio show that

f (1) =0, we have:

f(1)= (b” ijbzz )->(i+1)
:(bgzj(gj(b 1)- (b+2)(b+2) _ o

We must now find & as in the prior lemma. If (p) =a,p" + ...a pt g, then

r\J

n=b-1 (although there is @" term in the construction of (p), note that it has a
coefficient of zero) and for arbitrany> 1, the coefficienta,, is given by:

b—+lm+%(m+1)—(m+1):Zm_—b(b_l)_
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Hence,a, >0 if and only if m> %2 In particular, a thresholl exists when
n=b-1>21 whichis valid forb=2. If b=1, then f(p) =1(p-1), which is
greater than zero fop >1 and less than zero fgg<1. Hence Lemma 2 holds and

we have established Lemma 3 for the right-hand isielguality.

Next, consider the left-hand side inequality in stetement of the lemma. Let

o) =2:(i+1)0 —(% p+1j2(i+1)p‘ |

Note that:

b-1

(i+)=0

g(l):iZ:(i +1)—(§+ 11:_0
Moreover, the leading coefficient @f( p) is positive forb >1 and all the remaining
coefficients are always negative; hence the camtbtof Lemma 2 are always
satisfied forb>1. If b=1, theng(p) =2(p-1), which is again positive for

p >1and negative forp <1, as was to be shown. This concludes the prodfef t

lemmal

Continuing with the proof of Proposition 3, we aamwrite w(b, o) without

a
the constam(— as:
1+h)

(pb+l_1)2 _,02b+2,02b_1+---+(b+1),0b+ tpb-l_'_.”_'_zp_'_l
bo* = (b+1)p°+1)  bp™*+(b=-1)p" %+ (b=2)p"*+ .+ 20+1

w(b, o) =(

To see this, we begin by rewriting the numerator:
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2

(pb+l_1) ((pb+1+pb+pb—1+”.+p)_(pb_'_pbl_'_.“+1))2
=((o-D(e" + p"* +..4 D)
=(p-1* (0" + "+ + 1)

b )2
=(p—1)2(2p'j
i=0
=p®+20" +. 4+ (b+Dp°+ "+ .+ 20+ 1.
Whereas the denominator can be rewritten as:

bp™* - (b+1)p" +1= b(p"* - p°)- (0"~ 1)
=bp°(p-1)-(o-1) p"

i=1

= (p-l)(bpb -Zpb“J

i=1

=(p-1)i(pb-p“‘)

=(p-1?> (i+1)p

i=0

=bo" " +(b-1)p" %+ (b-2)p" 3+ ..+ 20+ 1.

In light of this representation, we can continuaifying to obtain:

07 +20" 1 + 4+ (b+1)p°+ "'+ ..+ 20+ 1
W(b’p)= b-1 b-2 b-3
bo” +(b-1)p" “+(b-2)p" "+ ..+ 20+ 1
,02b+2,02b_1+---+ (b+1)pb

= +1
b’ +(b-1)0" 2+ (b-2)p" 3+ ..+ 20+1

_ 2 1+207" +...+ (b+1)0™" +
= 1. 6
P bt +(b-1)p" 2+ (b-2)p" 3+ ..+ 20+ 1 ©)

Using (6),w(b+1, p)> w(b p is equivalent to the following equivalent

inequalities:
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a2 1 207 +.. 4 (bt 2)p™" + 1+ 07+ (b 1p7° +1
(b+Dp° +..+20+1 "'+ ..+ 20+ 1
,1+ 207 + ..+ (b+ 20 S+ 207+ ..+ (bt p™°
(b+D)p° +..420+1 "'+ ..+ 20+ 1

2 (b+D)p°+..420+1 [ 1+ 7+ ..+ (bt 2p™°*"
1+ 207 +.. .4 (b+ o™ (b+1D)p°+..+20+1

S (b+D)p°+..+#20+1 \( 1+ 207+ ..+ (bt Lp™°
1+ 207 +..4 (b+1)p™® o™+ ..+ 20+ 1

1>p

b+ .

,1+ 207 +.. 4 (b+ 2™t _ng(l +1)p o (b Do°+ ..+ o+ 1_“
-1 b b-1 -

1+2p7 +..+ (b+1)p (i+l),0'i o+ .+ 20+1 (i+1)pi

(R

i}
o

(i+1)p

()

M-
T
il

o
o

We can use Lemma 3 with >10n the right-hand side of (7) to conclude thas it i
less than or equal t&! p+1. Since we have assumed that-1, p™ <1 and we can
again apply Lemma 3, replacing with o™ on the left-hand side of (7), to conclude
that it is greater than or equal 5 (% o +b+1) . Thus a sufficient condition ol

and p for w(b+1,0)> w(h p) is given by:

1 2+b+2 >b+1 +1

b+’ b1’ b P o

L e, b+2 b+l
b+1” " b+1” b

1
-—>0.
P b
Solving the second quadratic above for equalitggitwo roots ino: -1 and 2.
Since the leading coefficient is positive, we kritnat (7) holds whenevep > 2| or

a sufficient condition for the wage to be incregsimb is given byb >

Next we establish a sufficient upper bound forilage to be decreasinglin

Whena>0 andp>1, p®<1;thus Lemma 3 implies that the left-hand sid€7)f
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is less thanp? (b+1p +1) whereas the right-hand side is bounded belov by 1.

Hence a sufficient condition for (7) to be violaigdr the wage to be decreasingoin

is given by:

2
2 prpr-2p-1<n 8
pr1” 7 b'o ®)

The two roots to the polynomial on the left-handesof (8) are given by

_2 _ 4 44
P :M and p —M, since the latter is negative and the polynomial

2

has a positive leading coefficient; a sufficienhdiion for the wage to be decreasing

+ 22 VR e . .
in b is given byl< p <L 7o A Jower bound for ™ 1Ees ™ i given by

2

"(Tz*z“+2 =1+ 55m » and sinceb(b+1) < (b+ 1y, a sufficient condition fow(b, ) to be

decreasing is thup <1+ rﬁ—1> b .l

(b+ 1)2 )

Proof of Proposition 4:

In order to prove that the sensitivity§ftor is increasing i1, decreasing im, and
single-peaked i, we will show that the wag® is decreasing inA, increasing i
and “U” shaped if. Differentiatingw with respect td yields:

(_1+pb(1+ 2b+b2)_pb+1( db+ b2)+p2b+ A 4©_p3b+ 1 ¥ @24_’0 B Sba

(,02(1+ 2 pb—b—l)))2

(9)

The denominator is unambiguously non-negative, edeDescartes’ rule implies the
numerator has at most five positive roots. Becéluseaumerator and the first three

derivatives with respect tp have a root ap =1, only one root remains unidentified.
If b=1, thenthe fourth derivative of the numerator in (9) is@at p =1, and thus

the fifth root is in facto =1. If b>1, then the fourth derivative of the numerator in
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(9) is strictly positive aio =1, hence by the Extremum Tegt,=1 is a relative

minimum and there exists a sufficiently smalk 0 such that the numerator is

positive atp = & whenb>1. However, because the numerator in (9) is strictly
negative atp =0, the final root must belong to the interval (0,1).
Differentiatingw with respect to yields:

(1+b)pb_1(l—pb+1)(—b+p( b+2)-p"( br 2)+pb*2t)
1 (1_pb(1+b)+bpb+1)2

ow

r

(10)

The denominator of (10) is non-negative. Descands’ implies that in addition to
£ =1, (10) may have up to three additional positivetsoUsing Lemma 0, the
expression-b+ p(b+2) - p”* (b+ 2) + p*?b and its first two derivatives have a
root at p =1, whereas the third derivative is strictly postat o =1, implying that
the expression has a saddle poinpatl. Since the pre-multiplied,— p"*, also
alternates in sign gb =1, the entire expressios?,, is non-positive. Finally,

differentiatingw with respect tod yields: 3—;“ - _%6_¥v il
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