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Proof of Proposition 2

a) Due to the symmetry of the problem, we need to consider only the case of i = 1. Using induction, we

assume that G}Hl(h) is a nondecreasing concave function of Iy for some n =1,...., N, i.e., for I; > 1,
Gry1(l1) 2 Gy (I — 1), (52)
and
G (Il +1) +Gpyy (I — 1) = 2G4 (1) <0. (53)

Next we show that G} (1) is a nondecreasing concave function of I;. We need to prove that G5 (I;) > GL (I, 1)
and G (I + 1) + GL(I; — 1) — 2GL(I1) < 0. The proof is carried for two separate cases, I[; > 2 and I = 1.
Case 1: I > 2.
Using (9) and the definition of g;i(-) in Lemma A1, we have for I; > 1,

Gh(l) =X (p1+Gh (= 1) + (1= MG (I) + D Ngin (05 + Gria () = Gy (I — 1)) .
JEE(1) (54)

The right-hand side of (54), by the induction assumption, is a nondecreasing function of inventory. Thus, so
is GL(-).

Further, denote z1 = p; + G5 (I + 1) — GL (L), z2 = pj + GL (1) — GL (I — 1), and z3 =
pj +GL (I —1) — G, (I1 — 2). From (53), z1 < 29 < x3. Thus, using (35), we have

gji(@1) + gjn(x3) — 2g51(x2) < w2 — 3
= (2Gp () = Gp (L +1) =G (I - 1)). (55)

From (54), for I; > 2 we obtain

Gh(Ii+1) + Gy (I — 1) = 2G,, (1)
= M (Grpr () + Gy (I = 2) = 2G4 (I = 1))
H(1 = M) (Grgr (I + 1) + Gy (I = 1) = 2G4 (1)



+ Z 9]1 T +gj1(x3) 29j1(x2))
jEE(1

< M (Gn+1(I1) + Gy (I = 2) = 2G4 (I - 1))
+(1— A1) (Gn+1(I1 +1) 4+ Gy (I —1) = 2G4 (1))
- Z A (Grpi(+ 1) + Gy (I = 1) = 2G4 (1) (from (55))
JEE(Q
< 1—)\1 > A (Gra(i+1) + Gy (I —1) = 2G4 (1)  (from (53))
JEE(1)
< 0. (56)

Case 2: I1 = 1. This case can be proved by using a similar argument as in Case 1.
b) As (9) indicates, ;i) (I,n) is the maximizer of g; ;. (pi + G{fj_)ﬂlj(i)) Gfl(_F)I( Ly — 1)), where g;;(-) is
defined in Lemma A1. Clearly, this maximizer is independent of I, for k # j(i). From the proof in part (a)
we know that Gfl(i)l( iy +1) = Gib(i)l( L) < Gib(ﬁl( L) — Gil(fr)l( I3y — 1), which together with the statement
of Lemma Alb indicates that pj ;. (I+eju),n) < P; i) (I,n).

Next, we prove that p; i )(I n) > pr G )(I n+1) for n =1,..., N. Using the result Lemma Alb, it suffices
to prove that GJ(Z)( Liy) — G](Z)( o — 1) = Gﬁl(j_)l( L) — Gfl(_&( i@ — 1) for I3 > 1Tand n = 1,..., N. For
notational simplicity, we replace j(i) with j. This is clearly true when n = N. Using induction, suppose for

L;>1,n=1,.,N—1

Gl (L) — G (I — 1) > Gy (1) — G o1 — 1), (57)

The case with I; = 1 is trivial. Next we consider I; > 2:

(Gh(5) = GlI; = D) = (Gha @) = G (1 = D)
= % (G = 1) = G- 2)) = (Ghaally 1)~ Ghanll; ~2)))
+(1=2) ((Gha () = Gl = 1)) = (Ghally) = Gl = 1))

+ 37 M (o (pr+ Gl () = Gl (5 = ) = gy (pr+ Gl (L = 1) = Gl (= 2)) )
=0

- Z Ak (gkj (pk + Gl (1) = Gl (I - 1)) — 9kj (pk- + G (I = 1) = Gy (I - 2)))
keE(5)

(1 =2) (G (1) = Gha (= 1)) = (Ghal) = G = 1))

N Z . Ikj <pk + G3~b+1([j) - Gn+1 (L — 1)
kEE(j) —Gkj (pk + G7]1+2(I ) — n+2 (f; = 1)

v

) (from (57,35))
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> 3 () - Gl = 1) = (Glally) — Gl - 1)) )
keE(j)

gt (pe+ Goa (1)) = Gl (1 - 1)

+k€zE:j) ~9kj <pk + Gfm( ) — Gn+2(I - 1))

> 0 (from (57,35)). (58)

(from (57))

Proof of Proposition 5
a) Note that for I, Iy > 1, (7) can be rewritten as

VI, 1) = M (p1+ Vagi(lh — 1, 12) + g12 (p1 + Va1 (Ih — 1, 1) — Vi (I — 1,12 — 1))
+A2 (p2 + Vor1 (D1, 1o — 1) + go1 (2 + Vpr1 (11, In — 1) = Vi (I — 1, 12 — 1))
+(1 =X — X)) Vi1 (11, I2), (59)

where g12(-) and g2;1(+) are defined as in Lemma Al.

The statement of part a is clearly true for n = N + 1. By induction, suppose that for some n =1,..., N
Va1l + 1, I2) = Voga (11, 12) 2 0 and - Vi (1, Jo +1) = Vo (11, I2) > 0. (60)

By symmetry, we need to prove only that V,,(I1,I) is nondecreasing in I; for fixed I5. We consider four
separate cases.

Case1: 1 >1and Iy > 1.

Denote z1 = Vpp1(I1, I2) — Vos1 (I — 1, I2), ®o = Vpp1 (11, I2) — Vpy1 (I, Io — 1), @3 = Vi (I — 1, 1) —
Vori(h =1L, L —1), 24 =Vopi(h+ 1, 10— 1) = Vo1 (1, Io — 1), x5 = Vpya (I1, o — 1) = Vo1 (I — 1, I — 1),
and x¢ = Vyp1(I1 + 1, I3) — Viy1 (11, I2). From (60), we have

2> 0,i=1,...,6. (61)
Furthermore, from (60), it is easy to check that

T1 — To +x3 > 0. (62)
Using (35) and (59-62), we obtain

Vo1 + 1, 1) — Vi (11, I2)
= A (214 g12(p1 + 22) — g12(p1 + 23)) + A2 (24 + g21(p2 + 1) — g21(P2 + x5)) + (1 — A1 — A2)x6
A1 (21 + min (0,23 — 22)) + A2 (24 + min (0, x5 — z4))

Vv

v

A1min (z1,x1 — 2 + x3) + Ao min (x4, x5) > 0. (63)
Case 2: Iy > 1 and Iy = 0.
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Using (23) and (60), we obtain

Vn(Il +1, 0) — Vn(Il,O)
= )\1[Vn+1(11,0) — Vn+1(11 — 1,0)] + (1 — )\1)[Vn+1(11 + 1,0) — Vn+1(11, 0)] > 0. (64)

Case 3: I1 =0 and Iy > 1.
Using (59), (60) and (24)

Va1, 1) > MVag1(0,I2) + Xafpe + Vi1 (1, I = 1)] + (1 = Ay — A2) Vg1 (1, I2)
> )\Q[pg + Vit (0,]2 — 1)] + (1 — )\Q)Vn+]_(0, 12) = Vn(o,fg). (65)

Case 4: I = 0 and Is = 0. The result trivially holds in this case.

b) The statement clearly holds for n = N + 1. Suppose that for some n =1,..., N
Vapi(lh + LI+ 1) = Vg (I, I + 1) 2 Vi (I + 1, 12) = Vi (11, L) (66)

Again, we look at four cases.

Case1: 1 >1and Iy > 1.

We reuse the notation x; (i = 1,2,...,6) defined in the proof of part a. In addition, denote 2} =
Var1(I1, Lo+ 1) = Vo1 (=1, I +1), b, = Vo1 (I, Io 4+ 1) = Vo1 (I, I2), 2 = Vi (I — 1, In+ 1) = Vg (I —
1, 1), 2y = Vo1 (I + 1, 1) — Vi (I, L), o = Va1 (I, In) — Vi (I — 1, 1s), and o = Vi1 (I + 1, I +
1) = Vos1(I1, I2 + 1). From (60) and (66) we have for i = 1,2,...,6,

a:; >x; > 0. (67)
Furthermore, from (66), we have
rp—ax3 = 0,
xh—ah > 0. (68)
It is also easy to check that
) — b +ah = 2. (69)

Using (59),

Vallh + 1,10+ 1) = V(11,12 + 1)

= A (2] + g12(p1 + @) — gr2(p1 + 25)) + A2 (2 + g21(p2 + @) — g21(p2 + @5)) + (1 — A1 — Ao)s

v



> A1 (2] +min(0, 25 — a5)) + A2 (2} + ga1(p2 + @) — ga1(p2 + x5)) + (1 — A1 — A2)ag  (from (35))
> Ai(2y —ah +a%) + A2 (2 + g21(p2 + 24) — ga1(p2 + 25)) + (1 = A — A2)ag  (from (68))

> Az + Ao (wﬁl + go1(p2 + 7)) — go1(p2 + w5)) + (1 =X —X2)xg  (from (35), (67) and (69))

> Miz1+ A2 (24 + g21(p2 + 24) — g21(p2 + 25))

+(1— A1 — Xo)wg. (by (35) and (67)) (70)
On the other hand, from (59), we have

Vo(I1 + 1, I2) — Vi (Ih, I2)

A (z1 4+ gi2(p1 + @2) — g12(p1 + ©3)) + A2 (24 + g21(P2 + T4) — go1(P2 + 5)) + (1 — A1 — A2) w6
A1 (z1 + max(0, 23 — x2)) + A2 (4 + g21(p2 + ®4) — g21(p2 + @5)) + (1 — A1 — A2)ze  (from (35))
Aix1 + A2 (24 + go1(p2 + x4) — go1(p2 + x5)) + (1 — A1 — A2)zg.  (from (68)) (71)

IN

IN

Combining (70) and (71), we obtain the desired result.
Case 2): I} > 1 and I, = 0.
First, note that it is easy to prove by induction that for Iy > 1and n=1,..., N,

Vn(ll + 1,0) — Vn(ll,()) < Vn(Il,O) — Vn(ll — 1,0). (72)

Denote zZ1 = Vn+1(11, 1) —Vn+1(11 — 1, 1), z9 = Vn+1(11, 1) —Vn+1(11,0), 23 = Vn+1(11 — 1, 1) —Vn+1(11 — 1,0),
24 = Vn+1(11 + 1,0) — Vn+1(I1,0), 25 = Vn+1<11,0) — Vn+1(Il — 1,0), and 26 = Vn+1(11 + 1, 1) — Vn—i—l(Il; 1).

From (72), we have
z4 S z5. (73)
Similar to the proof in Case 1, from (59), we obtain

Vn(Il + 1, 1) — Vn(Il, 1)

Mz + gi2(p1 + 22) — g12(p1 + 23)] + A2fza + g21(P2 + 24) — g21(P2 + 25)] + (1 — A1 — A2) 26

> )\1(21 — 29 + 23) 4+ Aozyq + (1 - — )\2)26 (fI‘OIIl (35) and (73))
> Mz — 22+ 23) + (1 — /\1)24 (from (66))
= Vo(l1 +1,0) — V,u(I1,0). (from (23)) (74)

The proofs for the case of Iy = 0 and Is > 1, and for the case of I; = 0 and Is = 0 are similar to the proof of
Case 2.
c) (28) follows from (59) and the result of part b.



Proof of Proposition 6

Using induction, we assume that
Vit (T+e;) > Vii5 (1) (75)

for some n = 1,..., N. Next we show that V,*5(I + e;) > V,-9(I). The proof is carried for two separate cases,
I; >1and I; =0.

Case 1: I, > 1.

Using (30) and the definition of g;;(-) in Lemma A1, we have

VES (14 e;) — VES(T)
Z " ( VES (T+ e —ex) + g jor) (pk + ViE (T+ e —e) — VIS (T + ei—ep, — ej())) >

ke An i (k)EAn —V.ES (T —er) — grjr) (0x + Vn+1 (IT—ex) = VEL(T—er—ejp))

+ Y M O+ei—er) -V T—ep)) (1 - A > Vit (T4 e) = V5 (1)

k€ Anyj(k)¢ An i€An

V

Z Ar min (V 1 (I+e —e )—Van1 (I—ek),Vn+1(I+ei—ek—e (k )) Vn+1( ek—ej(k)))
k€An,j(k)EAR,

+ Z M (Vi @+ ei—e) — Vit (T—ey,)) (1 - Z Ai ) wo (T+e) — Vo (1) (from (35))
ICEAT“ ZGA
J(k)¢Ar

> 0. (from (75))

Case 2: I; = 0. This case can be proven by using an argument similar to the one used in the proof of Case 1.

Proof of Proposition 7

a) Using induction, we assume that

Lna(T) < V,F(D), (76)

and

Vn—l—l( ) < Un+1(I) (77)

for some n =1,...,N. From (31) and (32), it is easy to verify that

Ly (M) =Y Xi(pi+ Lot (I-es)) (1 - > N ) nt ( (78)

€A 1€EA,

VI



and

U= N\ (Pi + U1 (T—e) + Fi oy (P ) (05 0) — pi ) (1 -y /\> nt1 ( (79)

i€An i€An

We denote the optimal price under the LS model by pUS . By the definition of pw , we have for i = 1,...,m,
andn=1,...,N,

Fi,j(i)(pf,js(i)) <szgS(z) —Dpit VnLJrsl(I € — € ()) Vn+1 (I- ez’)) 2 0. (80)
From (30), we have

VnLS (I) _ Z \i - L s Vn+1 (I ei)+
easten, \ Faao ) (pz-,m FVIS(T = ei - ej) VI (T- @)

+ Y Nmrvia- (1—EA) i (

1€AR,J(1)¢ AR €A

>3 e+ VE (1 -y A) 5.1 (from (50))
1€AR €A

> Z Xi (pi + Lpy1 (I— (1 — Z i ) n+1 (I) (from (76))
€A, 1€EAR

= L, (I). (from (78))
Also,

ViS5 (1)

pi + V 11 ( ez) -+
- Z )\7' F LS LS Vv 1 I—
i€ An (D) EAn i3 () (P j(0)) (pz‘,j(z') —pi VI -ei—ej) — Vi ( ei))

+ Z Ai (pi + Vs (1 - (1 - Z Ai > i (

< Z Ai (pi + Vanl (I—e)+ Fz’,j(i) (sz]S(@)) (Z%LJS(Z) - pz))
1€An,j(i)EAR
+ Z i (pi + Vn+1 (I- (1 - Z i ) n+1 (from Proposition 6)
1€ AR,j(3)¢An i€An
< Z )\ (pz n+1 ( ) + Fz ](z)(pzyj( )) (p%(z) _pi)>
i€AR
(1 -> A) LS () (from (13))
1€AR

VII



< >N (pi + Uns1 (T = i) + F o) (070)) (p%(i) B pi))
1€EAR

(1 — Z /\> nt1 (I) (from (77))

i€An
= U, (I). (from (79))

b) From part a, it suffices to prove that

or equivalently,

It suffices to prove

Let B = (pj(i) + pi) /pi. Using induction, we assume that

i (T
?L() <B (81)
Ln+1 (I)
for some n = 1,..., N. From (32),
Us(@) = A (pi+ Ul (L= @)+ Fi iy (02 (020 = 2i) ) + (1= 2) Uy (D)
< N ( i+ BLyy oy (T—e) + Fi o) (050 (Pl — pi))
+(1=Xi) BLy1 (I) (from (81))
< i (pi+ BLyyy (T—e) +pje)) + (1= \i) BLy, iy (T)

= BL!(I). (from (31))

Proof of Proposition 8

a) Note that pj;(I, n) is the maximizer of g;; (pi + (VES (I—e;) — V.ES (I—e; —e;))). (13) indicates that
pf-\;-[ is the maximizer of g¢;;(p;), where g;;(-) is defined in Lemma Al. From the result of Proposition 6,
we know that (V;2% (I —e;) — V.25 (I — e; — e;)) > 0, which together with the result of Lemma Alb, yields
pi;(Ln) > pij :

b) Denote I = (Iy,Is,...,I,). It suffices to prove that if Iy, > N 4+ 2 —n for k = 1,2,...,m, then
VES(I—e)— VIS (I—e —e;) =0 for any i and j. From (30), we can prove this statement using the

induction method on n.
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