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Proof of Proposition 2

a) Due to the symmetry of the problem, we need to consider only the case of i = 1. Using induction, we

assume that G1n+1(I1) is a nondecreasing concave function of I1 for some n = 1, ...., N , i.e., for I1 ≥ 1,

G1n+1(I1) ≥ G1n+1(I1 − 1), (52)

and

G1n+1(I1 + 1) +G
1
n+1(I1 − 1)− 2G1n+1(I1) ≤ 0. (53)

Next we show thatG1n(I1) is a nondecreasing concave function of I1. We need to prove thatG
1
n(I1) ≥ G1n(I1−1)

and G1n(I1 + 1) +G
1
n(I1 − 1)− 2G1n(I1) ≤ 0. The proof is carried for two separate cases, I1 ≥ 2 and I1 = 1.

Case 1: I1 ≥ 2.
Using (9) and the definition of gj1(·) in Lemma A1, we have for I1 ≥ 1,

G1n(I1) = λ1
¡
p1 +G

1
n+1(I1 − 1)

¢
+ (1− λ1)G

1
n+1(I1) +

X
j∈E(1)

λjgj1
¡
pj +G

1
n+1(I1)−G1n+1(I1 − 1)

¢
.

(54)

The right-hand side of (54), by the induction assumption, is a nondecreasing function of inventory. Thus, so

is G1n(·).
Further, denote x1 = pj + G

1
n+1(I1 + 1) − G1n+1(I1), x2 = pj + G

1
n+1(I1) − G1n+1(I1 − 1), and x3 =

pj +G
1
n+1(I1 − 1)−G1n+1(I1 − 2). From (53), x1 ≤ x2 ≤ x3. Thus, using (35), we have

gj1(x1) + gj1(x3)− 2gj1(x2) ≤ x2 − x1
=

¡
2G1n+1(I1)−G1n+1(I1 + 1)−G1n+1(I1 − 1)

¢
. (55)

From (54), for I1 ≥ 2 we obtain

G1n(I1 + 1) +G
1
n(I1 − 1)− 2G1n(I1)

= λ1
¡
G1n+1(I1) +G

1
n+1(I1 − 2)− 2G1n+1(I1 − 1)

¢
+(1− λ1)

¡
G1n+1(I1 + 1) +G

1
n+1(I1 − 1)− 2G1n+1(I1)

¢

I



+
X
j∈E(1)

λj (gj1(x1) + gj1(x3)− 2gj1(x2))

≤ λ1
¡
G1n+1(I1) +G

1
n+1(I1 − 2)− 2G1n+1(I1 − 1)

¢
+(1− λ1)

¡
G1n+1(I1 + 1) +G

1
n+1(I1 − 1)− 2G1n+1(I1)

¢
−
X
j∈E(1)

λj
¡
G1n+1(I1 + 1) +G

1
n+1(I1 − 1)− 2G1n+1(I1)

¢
(from (55))

≤ (1− λ1 −
X
j∈E(1)

λj)
¡
G1n+1(I1 + 1) +G

1
n+1(I1 − 1)− 2G1n+1(I1)

¢
(from (53))

≤ 0. (56)

Case 2: I1 = 1. This case can be proved by using a similar argument as in Case 1.

b) As (9) indicates, p∗i,j(i)(I, n) is the maximizer of gi,j(i)
³
pi +G

j(i)
n+1(Ij(i))−Gj(i)n+1(Ij(i) − 1)

´
, where gij(·) is

defined in Lemma A1. Clearly, this maximizer is independent of Ik, for k 6= j(i). From the proof in part (a)

we know that G
j(i)
n+1(Ij(i)+1)−Gj(i)n+1(Ij(i)) ≤ Gj(i)n+1(Ij(i))−Gj(i)n+1(Ij(i)−1), which together with the statement

of Lemma A1b indicates that p∗i,j(i)(I+ ej(i), n) ≤ p∗i,j(i)(I, n).
Next, we prove that p∗i,j(i)(I, n) ≥ p∗i,j(i)(I, n+1) for n = 1, ..., N . Using the result Lemma A1b, it suffices

to prove that G
j(i)
n (Ij(i)) −Gj(i)n (Ij(i) − 1) ≥ Gj(i)n+1(Ij(i)) −Gj(i)n+1(Ij(i) − 1) for Ij(i) ≥ 1 and n = 1, ..., N . For

notational simplicity, we replace j(i) with j. This is clearly true when n = N . Using induction, suppose for

Ij ≥ 1, n = 1, ..., N − 1

Gjn+1(Ij)−Gjn+1(Ij − 1) ≥ Gjn+2(Ij)−Gjn+2(Ij − 1). (57)

The case with Ij = 1 is trivial. Next we consider Ij ≥ 2:
¡
Gjn(Ij)−Gjn(Ij − 1)

¢− ³Gjn+1(Ij)−Gjn+1(Ij − 1)´
= λj

³³
Gjn+1(Ij − 1)−Gjn+1(Ij − 2)

´
−
³
Gjn+2(Ij − 1)−Gjn+2(Ij − 2)

´´
+(1− λj)

³³
Gjn+1(Ij)−Gjn+1(Ij − 1)

´
−
³
Gjn+2(Ij)−Gjn+2(Ij − 1)

´´
+
X
k∈E(j)

λk

³
gkj

³
pk +G

j
n+1(Ij)−Gjn+1(Ij − 1)

´
− gkj

³
pk +G

j
n+1(Ij − 1)−Gjn+1(Ij − 2)

´´
−
X
k∈E(j)

λk

³
gkj

³
pk +G

j
n+2(Ij)−Gjn+2(Ij − 1)

´
− gkj

³
pk +G

j
n+2(Ij − 1)−Gjn+2(Ij − 2)

´´
≥ (1− λj)

³³
Gjn+1(Ij)−Gjn+1(Ij − 1)

´
−
³
Gjn+2(Ij)−Gjn+2(Ij − 1)

´´
+
X
k∈E(j)

λk

 gkj

³
pk +G

j
n+1(Ij)−Gjn+1(Ij − 1)

´
−gkj

³
pk +G

j
n+2(Ij)−Gjn+2(Ij − 1)

´  (from (57,35))
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≥
X
k∈E(j)

λk

³³
Gjn+1(Ij)−Gjn+1(Ij − 1)

´
−
³
Gjn+2(Ij)−Gjn+2(Ij − 1)

´´

+
X
k∈E(j)

λk

 gkj

³
pk +G

j
n+1(Ij)−Gjn+1(Ij − 1)

´
−gkj

³
pk +G

j
n+2(Ij)−Gjn+2(Ij − 1)

´  (from (57))

≥ 0 (from (57,35)). (58)

Proof of Proposition 5

a) Note that for I1, I2 ≥ 1, (7) can be rewritten as

Vn(I1, I2) = λ1 (p1 + Vn+1(I1 − 1, I2) + g12 (p1 + Vn+1(I1 − 1, I2)− Vn+1(I1 − 1, I2 − 1)))
+λ2 (p2 + Vn+1(I1, I2 − 1) + g21 (p2 + Vn+1(I1, I2 − 1)− Vn+1(I1 − 1, I2 − 1)))
+(1− λ1 − λ2)Vn+1(I1, I2), (59)

where g12(·) and g21(·) are defined as in Lemma A1.
The statement of part a is clearly true for n = N + 1. By induction, suppose that for some n = 1, ..., N

Vn+1(I1 + 1, I2)− Vn+1(I1, I2) ≥ 0 and Vn+1(I1, I2 + 1)− Vn+1(I1, I2) ≥ 0. (60)

By symmetry, we need to prove only that Vn(I1, I2) is nondecreasing in I1 for fixed I2. We consider four

separate cases.

Case 1: I1 ≥ 1 and I2 ≥ 1.
Denote x1 = Vn+1(I1, I2) − Vn+1(I1 − 1, I2), x2 = Vn+1(I1, I2) − Vn+1(I1, I2 − 1), x3 = Vn+1(I1 − 1, I2) −

Vn+1(I1 − 1, I2 − 1), x4 = Vn+1(I1 + 1, I2 − 1)− Vn+1(I1, I2 − 1), x5 = Vn+1(I1, I2 − 1)− Vn+1(I1 − 1, I2 − 1),
and x6 = Vn+1(I1 + 1, I2)− Vn+1(I1, I2). From (60), we have

xi ≥ 0, i = 1, ..., 6. (61)

Furthermore, from (60), it is easy to check that

x1 − x2 + x3 ≥ 0. (62)

Using (35) and (59-62), we obtain

Vn(I1 + 1, I2)− Vn(I1, I2)
= λ1 (x1 + g12(p1 + x2)− g12(p1 + x3)) + λ2 (x4 + g21(p2 + x4)− g21(p2 + x5)) + (1− λ1 − λ2)x6

≥ λ1 (x1 +min (0, x3 − x2)) + λ2 (x4 +min (0, x5 − x4))
≥ λ1min (x1, x1 − x2 + x3) + λ2min (x4, x5) ≥ 0. (63)

Case 2: I1 ≥ 1 and I2 = 0.

III



Using (23) and (60), we obtain

Vn(I1 + 1, 0)− Vn(I1, 0)
= λ1[Vn+1(I1, 0)− Vn+1(I1 − 1, 0)] + (1− λ1)[Vn+1(I1 + 1, 0)− Vn+1(I1, 0)] ≥ 0. (64)

Case 3: I1 = 0 and I2 ≥ 1.
Using (59), (60) and (24)

Vn(1, I2) ≥ λ1Vn+1(0, I2) + λ2[p2 + Vn+1(1, I2 − 1)] + (1− λ1 − λ2)Vn+1(1, I2)

≥ λ2[p2 + Vn+1(0, I2 − 1)] + (1− λ2)Vn+1(0, I2) = Vn(0, I2). (65)

Case 4: I1 = 0 and I2 = 0. The result trivially holds in this case.

b) The statement clearly holds for n = N + 1. Suppose that for some n = 1, ..., N

Vn+1(I1 + 1, I2 + 1)− Vn+1(I1, I2 + 1) ≥ Vn+1(I1 + 1, I2)− Vn+1(I1, I2). (66)

Again, we look at four cases.

Case 1: I1 ≥ 1 and I2 ≥ 1.
We reuse the notation xi (i = 1, 2, . . . , 6) defined in the proof of part a. In addition, denote x01 =

Vn+1(I1, I2+1)−Vn+1(I1−1, I2+1), x02 = Vn+1(I1, I2+1)−Vn+1(I1, I2), x03 = Vn+1(I1−1, I2+1)−Vn+1(I1−
1, I2), x

0
4 = Vn+1(I1 + 1, I2) − Vn+1(I1, I2), x05 = Vn+1(I1, I2) − Vn+1(I1 − 1, I2), and x06 = Vn+1(I1 + 1, I2 +

1)− Vn+1(I1, I2 + 1). From (60) and (66) we have for i = 1, 2, . . . , 6,

x0i ≥ xi ≥ 0. (67)

Furthermore, from (66), we have

x2 − x3 ≥ 0,

x02 − x03 ≥ 0. (68)

It is also easy to check that

x01 − x02 + x03 = x1. (69)

Using (59),

Vn(I1 + 1, I2 + 1)− Vn(I1, I2 + 1)
= λ1

¡
x01 + g12(p1 + x

0
2)− g12(p1 + x03)

¢
+ λ2

¡
x04 + g21(p2 + x

0
4)− g21(p2 + x05)

¢
+ (1− λ1 − λ2)x

0
6
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≥ λ1
¡
x01 +min(0, x

0
3 − x02)

¢
+ λ2

¡
x04 + g21(p2 + x

0
4)− g21(p2 + x05)

¢
+ (1− λ1 − λ2)x

0
6 (from (35))

≥ λ1(x
0
1 − x02 + x03) + λ2

¡
x04 + g21(p2 + x

0
4)− g21(p2 + x05)

¢
+ (1− λ1 − λ2)x

0
6 (from (68))

≥ λ1x1 + λ2
¡
x04 + g21(p2 + x

0
4)− g21(p2 + x5)

¢
+ (1− λ1 − λ2)x6 (from (35), (67) and (69))

≥ λ1x1 + λ2 (x4 + g21(p2 + x4)− g21(p2 + x5))
+(1− λ1 − λ2)x6. (by (35) and (67)) (70)

On the other hand, from (59), we have

Vn(I1 + 1, I2)− Vn(I1, I2)
= λ1 (x1 + g12(p1 + x2)− g12(p1 + x3)) + λ2 (x4 + g21(p2 + x4)− g21(p2 + x5)) + (1− λ1 − λ2)x6

≤ λ1 (x1 +max(0, x3 − x2)) + λ2 (x4 + g21(p2 + x4)− g21(p2 + x5)) + (1− λ1 − λ2)x6 (from (35))

≤ λ1x1 + λ2 (x4 + g21(p2 + x4)− g21(p2 + x5)) + (1− λ1 − λ2)x6. (from (68)) (71)

Combining (70) and (71), we obtain the desired result.

Case 2): I1 ≥ 1 and I2 = 0.
First, note that it is easy to prove by induction that for I1 ≥ 1 and n = 1, ..., N ,

Vn(I1 + 1, 0)− Vn(I1, 0) ≤ Vn(I1, 0)− Vn(I1 − 1, 0). (72)

Denote z1 = Vn+1(I1, 1)−Vn+1(I1−1, 1), z2 = Vn+1(I1, 1)−Vn+1(I1, 0), z3 = Vn+1(I1−1, 1)−Vn+1(I1−1, 0),
z4 = Vn+1(I1 + 1, 0) − Vn+1(I1, 0), z5 = Vn+1(I1, 0)− Vn+1(I1 − 1, 0), and z6 = Vn+1(I1 + 1, 1)− Vn+1(I1, 1).
From (72), we have

z4 ≤ z5. (73)

Similar to the proof in Case 1, from (59), we obtain

Vn(I1 + 1, 1)− Vn(I1, 1)
= λ1[z1 + g12(p1 + z2)− g12(p1 + z3)] + λ2[z4 + g21(p2 + z4)− g21(p2 + z5)] + (1− λ1 − λ2)z6

≥ λ1(z1 − z2 + z3) + λ2z4 + (1− λ1 − λ2)z6 (from (35) and (73))

≥ λ1(z1 − z2 + z3) + (1− λ1)z4 (from (66))

= Vn(I1 + 1, 0)− Vn(I1, 0). (from (23)) (74)

The proofs for the case of I1 = 0 and I2 ≥ 1, and for the case of I1 = 0 and I2 = 0 are similar to the proof of
Case 2.

c) (28) follows from (59) and the result of part b.
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Proof of Proposition 6

Using induction, we assume that

V LSn+1(I+ ei) ≥ V LSn+1(I) (75)

for some n = 1, ..., N . Next we show that V LSn (I+ ei) ≥ V LSn (I). The proof is carried for two separate cases,

Ii ≥ 1 and Ii = 0.
Case 1: Ii ≥ 1.
Using (30) and the definition of gij(·) in Lemma A1, we have

V LSn (I+ ei)− V LSn (I)

=
X

k∈An,j(k)∈An
λk

Ã
V LSn+1 (I+ ei − ek) + gk,j(k)

¡
pk + V

LS
n+1 (I+ ei − ek)− V LSn+1(I+ ei−ek − ej(k))

¢
−V LSn+1 (I− ek)− gk,j(k)

¡
pk + V

LS
n+1 (I− ek)− V LSn+1(I− ek − ej(k))

¢ !

+
X

k∈An,j(k)/∈An
λk
¡
V LSn+1 (I+ ei−ek)− V LSn+1 (I− ek)

¢
+

Ã
1−

X
i∈An

λi

!¡
V LSn+1 (I+ ei)− V LSn+1 (I)

¢
>

X
k∈An,j(k)∈An

λkmin
¡
V LSn+1 (I+ ei − ek)− V LSn+1 (I− ek) , V LSn+1(I+ ei−ek − ej(k))− V LSn+1(I− ek − ej(k))

¢
+

X
k∈An,
j(k)/∈An

λk
¡
V LSn+1 (I+ ei−ek)− V LSn+1 (I− ek)

¢
+

Ã
1−

X
i∈An

λi

!¡
V LSn+1 (I+ ei)− V LSn+1 (I)

¢
(from (35))

> 0. (from (75))

Case 2: Ii = 0. This case can be proven by using an argument similar to the one used in the proof of Case 1.

Proof of Proposition 7

a) Using induction, we assume that

Ln+1(I) ≤ V LSn+1(I), (76)

and

V LSn+1 (I) ≤ Un+1(I) (77)

for some n = 1, ...,N . From (31) and (32), it is easy to verify that

Ln (I) =
X
i∈An

λi (pi + Ln+1 (I− ei)) +
Ã
1−

X
i∈An

λi

!
Ln+1 (I) , (78)
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and

Un (I) =
X
i∈An

λi

³
pi + Un+1 (I− ei) + F i,j(i)(pMi,j(i))(pMi,j(i) − pi)

´
+

Ã
1−

X
i∈An

λi

!
Un+1 (I) . (79)

We denote the optimal price under the LS model by pLSij . By the definition of p
LS
ij , we have for i = 1, ...,m,

and n = 1, ..., N ,

F i,j(i)(p
LS
i,j(i))

³
pLSi,j(i) − pi + V LSn+1(I− ei − ej(i))− V LSn+1 (I− ei)

´
> 0. (80)

From (30), we have

V LSn (I) =
X

i∈An,j(i)∈An
λi

 pi + V
LS
n+1 (I− ei)+

F i,j(i)(p
LS
i,j(i))

³
pLSi,j(i) − pi + V LSn+1(I− ei − ej(i))− V LSn+1 (I− ei)

´ 
+

X
i∈An,j(i)/∈An

λi
¡
pi + V

LS
n+1 (I− ei)

¢
+

Ã
1−

X
i∈An

λi

!
V LSn+1 (I)

>
X
i∈An

λi
¡
pi + V

LS
n+1 (I− ei)

¢
+

Ã
1−

X
i∈An

λi

!
V LSn+1 (I) (from (80))

>
X
i∈An

λi (pi + Ln+1 (I− ei)) +
Ã
1−

X
i∈An

λi

!
Ln+1 (I) (from (76))

= Ln (I) . (from (78))

Also,

V LSn (I)

=
X

i∈An,j(i)∈An
λi

 pi + V
LS
n+1 (I− ei)+

F i,j(i)(p
LS
i,j(i))

³
pLSi,j(i) − pi + V LSn+1(I− ei − ej(i))− V LSn+1 (I− ei)

´ 
+

X
i∈An,j(i)/∈An

λi
¡
pi + V

LS
n+1 (I− ei)

¢
+

Ã
1−

X
i∈An

λi

!
V LSn+1 (I)

≤
X

i∈An,j(i)∈An
λi

³
pi + V

LS
n+1 (I− ei) + F i,j(i)(pLSi,j(i))

³
pLSi,j(i) − pi

´´

+
X

i∈An,j(i)/∈An
λi
¡
pi + V

LS
n+1 (I− ei)

¢
+

Ã
1−

X
i∈An

λi

!
V LSn+1 (I) (from Proposition 6)

≤
X
i∈An

λi

³
pi + V

LS
n+1 (I− ei) + F i,j(i)(pMi,j(i))

³
pMi,j(i) − pi

´´
+

Ã
1−

X
i∈An

λi

!
V LSn+1 (I) (from (13))
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≤
X
i∈An

λi

³
pi + Un+1 (I− ei) + F i,j(i)(pMi,j(i))

³
pMi,j(i) − pi

´´
+

Ã
1−

X
i∈An

λi

!
Un+1 (I) (from (77))

= Un (I) . (from (79))

b) From part a, it suffices to prove that

Un (I)− Ln (I)
Ln (I)

≤ max
½
pj(i)

pi
|i = 1, ...,m

¾
,

or equivalently,

Un (I)

Ln (I)
≤ max

½
pj(i) + pi

pi
|i = 1, ...,m

¾
.

It suffices to prove
U in (I)

Lin (I)
≤ pj(i) + pi

pi
.

Let B =
¡
pj(i) + pi

¢
/pi. Using induction, we assume that

U in+1 (I)

Lin+1 (I)
≤ B (81)

for some n = 1, ...,N . From (32),

U in (I) = λi

³
pi + U

i
n+1 (I− ei) + F i,j(i)(pMi,j(i))(pMi,j(i) − pi)

´
+ (1− λi)U

i
n+1 (I)

≤ λi

³
pi +BL

i
n+1 (I− ei) + F i,j(i)(pMi,j(i))(pMi,j(i) − pi)

´
+(1− λi)BL

i
n+1 (I) (from (81))

≤ λi
¡
pi +BL

i
n+1 (I− ei) + pj(i)

¢
+ (1− λi)BL

i
n+1 (I)

= BLin(I). (from (31))

Proof of Proposition 8

a) Note that p∗ij(I, n) is the maximizer of gij
¡
pi +

¡
V LSn+1(I− ei)− V LSn+1(I− ei − ej)

¢¢
. (13) indicates that

pMij is the maximizer of gij(pi), where gij(·) is defined in Lemma A1. From the result of Proposition 6,

we know that
¡
V LSn+1(I− ei)− V LSn+1(I− ei − ej)

¢ ≥ 0, which together with the result of Lemma A1b, yields
p∗ij(I, n) ≥ pMij .

b) Denote I = (I1, I2, ..., Im). It suffices to prove that if Ik ≥ N + 2 − n for k = 1, 2, ...,m, then

V LSn+1(I− ei) − V LSn+1(I− ei − ej) = 0 for any i and j. From (30), we can prove this statement using the

induction method on n.
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