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Appendix A: Proofs for Sections 2 and 3
Proof of Proposition 1: The RE equilibrium conditions reduce to
p=Fp(Qs) - (k+v—3s)+s (A1)

The firm will obtain the critical fractile quantity choice as:

881_3[_@_5)P(D>Q:)_(C_3)—OéFD(Q:)_;:z (A2)

Solving equations (A1) and (A2) provides the equilibrium quantity:

cC— S cC— S cC— S

_p—s Fp(Q*) - (k:—l—v—s)+s—s Fp(Q*) - (k+v—s)

= (Fp(Q3))* = 5555 = Fp(Q)) = \/+55

Putting the last term back in (A1) provides the equilibrium price:

pt=Fp(QH(k+v—3s)+s= 1/%(1{—1—1}—8)—%3:\/(c—s)(k—i—v—s)—l—s

Before we proceed with more results, we prove Lemma Al.

(v—s)(v—c)

c—S

Lemma Al. i) Q< Qo and pk < po when k <
(v—s)(v—c)

c—S

it ) QF > Qo and p% > po when k >

Proof of Lemma Al: We define AQ(K) = Qi(k) ~ Qo = Fp' (\/55%5) — Fp' (£). Showing
that AQ(k) is negative at k = 0 and AQ(k) strictly increases with k, is sufficient to say that there
exists a unique k* such that AQ(k*) = 0:

e AQ(0) < 0: Note that (/=2 > =% since v > ¢ > s. Then, Fpt (,/@) < Fpt <ﬂ>

v—Ss v—S

which confirms that AQ(0) = FE)I ( @> - FL_)l (v s) <0.

v—S8
. 0AQ(k) ~0: 0AQ(k) _ 0Q%i(k) _ 1 e=s 1 _1_ +e=s
Ik ok ok 2 (ktv=s)%/ fD(F/:_)l(\/ki;is)) 2 (ktv=s)>2 rp(F (\/k+v s
. 8AQ(k)
Note that /c—s >0 and k+v—s>0since v >c¢> s and k > 0. Then, =7~ > 0.

Thus, there exists an unique £* such that AQ(k*) =0



Qi) — Qo =0=Fy' (\/=5) = Fp' (22)
e = (29 (0mg)

c—S

AQ(0) < 0 and émg,i(k) > 0 imply that AQ(k) changes sign only at k* as k increases. It is easy
to show that the same threshold, k*, holds for the relation between pf and pg. This leads to the
following result:

v—s)-(v—c)

i. QfF < Qo and p < po when k < { o

ii. Qf > Qo and p* > py when k > %
O
Proof of Proposition 2(1): The firm sets the price at the reservation price of snobs, and the
commoners are excluded from consideration (5D instead of ). The RE equilibrium conditions
reduce to

p=Fp(Q3)(k+v—s)+s=PBD>Q)(k+v—s)+s (A3)
The firm’s critical fractile quantity choice is:
oIl . c—s
S0 = (= 9)P(BD>Q) ~(c~5)=0= P(BD > Q]) = (A1)
Q p—s
Solving equations (A3) and (A4) provides the equilibrium quantity:
_ c—s c—s c—s
F * = = — = —
s0(Q5) p—s Fgp(Qi)k+v—s)+s—s Fzp(Qf) - (k+v—s)
= (Fsp(Q)))* = 7555 = Fon(Q)) = /2555
Putting the last term back in (A3) provides the equilibrium price:
pr=Fsp(QY) (k+v—3s)+s= U%(lﬂ%—l}—s)—ks: Vie—s)(k+v—s)+s
]
Proof of Proposition 2(2): The RE equilibrium conditions reduce to
p=Fp(Q)(v—3s)+s=PD>QHv—s)+s (A5)
The firm’s critical fractile quantity choice is,
o1l _
L= (p—s)-P(D>Q)~(c—5)=0=P(D>Q}) = — (A6)

Q p—s
Solving equations A5 and A6 provides the equilibrium quantity:

- . _C—S_ c— s - cC— S
Fp(Qc) T p—s Fp@Q)w—s)+s—s Fp@Q)v—s)

= Fp(Qi) = /=2



Putting the last term back in (A5) provides the equilibrium price:

P =Fp(Q)-(v—s)+s= g:z-(v—s)+s: (c—s)(v—s)+s

O]

The ensuing Lemma A2 sheds more light on when the firm chooses Limited Production and

sells only to snobs, and when it tries to adopt the Regular Production strategy to cover the whole
market (subject to demand uncertainty).

Lemma A2. There exists a unique threshold of snobs, 5*, where Il . < Il . when § < 5%, and
H*N,S > H*N7C when B > [* A

Lemma 2 shows the firm may adopt different policies based on the concentration of conspicuous
consumption in the market. The decision depends on the threshold fraction of snobs in the market
(5.

Proof of Lemma A2: We show that the difference between profits obtained from “Limited” and
“Regular” production changes sign only at a unique threshold of snobs, 5%, as 8 increases. Recall
the implicit formulation of Q% from Proposition 2(1). This leads to the following explicit solution:

* _ op—1 c—3s
@ =0 <\/ /-c+v—s>

Then, the optimal profit for the firm is:

Iy, = V(c—s)- (k+v—s)Emin{D, Q}] — (c — 5)Q%
i (V55)

:\/(c—s)-(kﬂ—s)-/ B-u- fp(u)-du

0

Recall the implicit formulation of @} from Proposition 2(2). This leads to the following explicit

solution:
_ c— s
* F—l
Qc D < v — 8>

Then the optimal profit for the firm is:

Iy, = V(c—s) (v—s) Emin{D,Q:}] — (c—s)- Q;

Fpt(y/&2
:\/(c—s)-(v—s)-/ <F)u.fD(u).du

0

We define H*N7 s(B) to represent the firm’s optimal profit function when limited production strategy
is applied given that the percentage of snobs is 8. We assume that Q%(5) > 0 except for § = 0
and Q% > 0 without loss of generality. Also, we define AII(3) = Iy (8) — ITy .. Note that f is in
the domain [0,1]. Then, showing that AII(S) is negative at 5 = 0, AII(B) is positive at 8 = 1 and

Fpt(Je2) ol (Vr5e=s)
AlThe unique threshold level is * = ,/ roos / ufp(u) du// ufp(u) du
0 0




ATI(S) strictly increases in § is sufficient to say that there exists 5* such that AII(8*) = 0:

ATI0) <0 ATI(0) = TT,(0) ~ T, =TTy,

Fpt (V=
= —\/(C—S)'(v—s)-/ ( )u'fD(U)'dU-

0

The term /(¢ — s)(v — s) is positive since v > ¢ > s. The support of D is non-negative and @} > 0.
Then, the last term of the equality above must be non-positive.

ATI(1) > 0: AII(1) = Iy (1) -y,

V(e—38)(v—s) <+/(c—s)(k+v—s)since k > 0. Also, F, < U;_‘;)Sﬁgl (,/ki;is>,since

c—sS c—S

v—8 — k+v—s"

Then, the last equality above must be positive.

B - 0B op
o' (Vess
= \/(C—S)'(k+v—8)-/ ( >U'J“'D(U)'Ulu-
0

OAILE) _ . OAL(B) Ol ()

The first term of the last equality is positive since v > ¢ > s and k > 0. The support of D is
non-negative and Q*(3)/8 > 0. Then, the last equality above must be positive.
Then, there exists a unique root 5* such that AII(8*) = 0:
F \/ k-({-vg 9)
=ve—s(Vk+v—s- ﬁ/ u- fp(u)-du

—\/v—s-/ g \/i)u-fD(u)-du):

\/ﬁ / Vot d
k+/U_S k+v s)

u- fp(u)du

AII(0) < 0, ATI(1) > 0, and 8%}3( ) >0 imply that AII(5) changes sign only at 8* as  increases.

This leads to the following result:
o IT , <IIy . when § < f§*

o Iy, > II} . when 3 > §*



Proof of Proposition 3: Follows from the results of Lemma A2. If 5 < B* then it is more
profitable to apply the “Regular Production” strategy since II}, . < II, . and if 8 > 8* then it is
more profitable to apply the “Limited Production” strategy since H’]‘\f, s > Iy .

O
Proof of Proposition 4: We show that the difference between Q% and @} changes sign only
at a particular threshold level, 8g, as 3 increases. We define Q%(f5) as the equilibrium quantity
choice under the limited production strategy when snobs allocate § percentage of the market.
We assume that Q%(5) > 0 except for § = 0 and @} > 0 without loss of generality. Also, we

define AQ(B) = QX(B) — Q = B! ( kj;ss) — P! <\/T) Then, showing that AQ(0) <

AQ(1) >0, and 6A%( ) > 0 is sufficient to say there exists unique Bg such that AQ(Bg) = 0:

e AQ(0) < 0: AQ(0) = —Fp? ( ﬂ) ot (, /;5> is positive since we assume that the

v—Ss v—S8

support of D is non-negative and Q} > 0. Then, AQ(0) < 0

e 2Q(1) > 0: 8Q) = Fp' (\/555) - Fo' ({/£2): We show that Fp' (1/55%) >

FBI < 5:‘;) within the proof of Lemma A2. Then, AQ(1) >0

3AQ(5) 0AQ(B) _ 9Q5 _ -1 -
. >0: =55 =35 =Ip ( k-T—vS—s>>O

The inequality follows directly from the assumption that the support of D is non-negative
and Q%(8)/B > 0. Then, 2520 > ¢,

Then, there exists a unique root 3¢ such that AQ(Bg) = 0:

> i) ~ai=0 = 5oy () -5t (5=3) =0
ol (/&=
R C ))

—1 c—s
FD ( k+v—s

AQ(0) < 0, AQ(1) > 0, and 8AQ( ) >0 imply that AQ(f) changes sign only at g as ( increases.
This leads to the following result

o Q% < QF when 8 < g
o Q% > QF when 8> g

Before we prove more results, we prove preparatory Proposition A3.

Proposition A3. Bq is larger than or equal to B* when % > =

Proof of Proposition A3: We show that 3¢ is larger than or equal to 8* for given parameters

(s,c,v and k) under a particular condition. We define o = F_’Bl ( %) and w = F[_)l ( k—T—;is>

for simplification of the system. Rewriting 8* and B¢ with the new notation leads to the following
equations:




o \/ﬁ / ot VS |
k+U—S 7_1 k+v 9) 1/% F_l k-i;se)

u- fp(u)du

Fp(o) /Ow u- fp(u)du

The last line can be further reduced to the following equation by applying integration by parts on
the numerator and the denominator of the second term:

FD(w) J3 Fp(u) du — oFp(0)
Fp(o) fo Fp(u) du — wFp(w)

Showing that Sg — 8* > 0 is sufficient for the validity of the claim:

B*

Fp(w) Jg Fp(u)du— 0Fp(o)
Fp(o) [y Fp(u)du —wFp(w)

fo—p" =2 -

Recall that, in the Proof of Lemma A2, we showed both the first and the second term of 8* are
less than or equal to 1 and non-negative. Thus, eliminating the second term will provide us a lower
bound for fg — B*:

* 0o Fpw
Bo—B" > ——= ()
w  Fp(o)
Therefore, we have shown that ¢ is larger than or equal to §* if £ > ? ((“;)) for given parameters

(s,c,v and k). O
Proof of Lemma 1: We show that for higher £k, @QF increases more steeply in 3. Recall

Qr = BF (, / k+v 5) from the proof of Lemma A2. In Proposition 4, we show that 66%; =

—1 c—s
FD ( k+v—s) :
is positive:

85%: with respect to k

9*Qx _1 Ve—s 1
868k 2(]{;4_7)_5)% _fD(FD—1< c—s ))

1
=)

2 ) *
The term, —Y=5 V’3_S3, is positive by the assumptions v > ¢ > s and k > 0. Then, 222 > 0.
(k+v—s)2 0Ok

Therefore, we have shown that for higher k£, Q0% increases more steeply in 5.

O
Proof of Lemma 2: Follows directly from showing that the first derivatives of both threshold
levels (5* and fBg) with respect to k are negative:



cC—S

*—1 c—s —
( 5) —1
o g _ 1 f "D ufp(u)du 1 + Fp ( Fto— a) Vec—s <0
ok — 2 k = k+v— 3
V +”S <¢km P e G L

U du

The terms, 1/,#;; and (7 ”:5)3, are positive by the assumptlons v>c>sand k>0. In
k4+v—s

Proposition 4, we show that both F5*( £=%) and Fol( Tios) are positive so both terms

within the parentheses are positive as well. Then, %ﬁk < 0.

o Yo _ 1 Py (y&2) 1 V=1

R () o (VERS) (o)

Follows directly from the proof of the previous point.

Therefore, we have shown that the threshold levels, 5* and 3¢, decrease with increase in sensitivity

to stock-out, k. ]
Proof of Proposition 5: We derive the conditions under which the the region of scarcity (i.e.
g _ 9Bq

Bg — B*) expands as snobs become more sensitive to stockouts. We define AG'(k) = G- — 2.
We will use the same notation, ¢ and w, which we used in the proof of Proposition A3. Showing
that AB(k) is negative for all k in [0, 00) is sufficient for proving the proposition.

Fpl(\/522) _ —
AB(R) = —i )Y Jo o VT ufp(u)du L FD( M_s) s
o 2Vkhues R L == ktv—s)
Jo? VT ufp(w)du o7V fD(U)du( )
1 c—s

L (Vi) 1

T2 i~ c=s k 3

Fp ( kili) fo(Fp ( == s))( +v—s)

- _ 01 Fp(w)
I ufD<u>duFD(‘“)> ww Fo(@)

_ 11 g Jo Fp(u) du 5 1 Fp(w)

- 2k+wv-—s Iy Fp(u) du — wFp(w) @ Ip(w)
The last equality is less than or equal to zero if and only if the equation in parentheses is non-
negative. We know from the proofs of lemma A2 and proposition 4 that all terms within the

parentheses is non-negative. Thus, we require a sufficient condition that will make the equation in
parentheses non-negative:

. Jo' Fp(u) du _, 1 Fp(w) wfpWw) _ Bq Jo Fo(u)du—wFp(w)
g <fo Fp(u) du — wFp(w >> Whnw =T Fow) © B 7 Fp(u)du
/BQ fo FD du—wFD(w)

= wh(w) > B 1 Fp(u)du (h(w) = f(w)/Fp(w);the hazard rate of D)
— 2(Qi/p) (since w = Q3/8)

We define the hazard rate of D above as h(.) (see Bryson and Siddiqui 1969 for details). The second
term on the right-hand side of the inequality is less than or equal to 1 since [;” Fp(u) du—wFp(w) <



f(;" Fp(u)du and w > 0. The right hand side of the inequality can be more than or less than or
equal to 1 depending on the relation between the first and the second term. Implicit sufficient
conditions can be similarly obtained in this case. O

Appendix B: Proof for Section 4

Appendix B1: Myopic Snobs

Before we prove our main results on Myopic customers, we prove the following Proposition B1.1
and Lemma B1.1.

Proposition B1.1 (Limited Production). In the RE equilibrium under limited production, all snobs
will try to buy in the current period, and the firm’s price and quantity choices are characterized by

= % v—s)24+4k(c—s)—(v—s vts+4/(v—s)2+4k(c—s
Fap( ) = V(v—s) 212 )—(v—s) (v—s) (c—s)

* —
s, my and ps,my - 2 :

Proof of Proposition B1.1: The RE equilibrium conditions reduce to

P =0+ kFsp(Qmy) (BL.1)
The critical fractile quantity is,
_ N c— 8
Fap(Q5my) = p— (B1.2)

Solving equations (B1.1) and (B1.2) provides the following quadratic equation:

= k(FﬁD(Q:,my))Q + (U - S)FED(Q:,my) - (C - 5) =0

Recall that s < ¢ < v. Then, one of the solutions obtained from this quadratic equation,

_ (1 —e)— _3)2 —
Fp(Q% 1ny) = (v=s) (gks) k(e S), is infeasible since the survival function must always be non-

negative. This leaves one solution which provides the equilibrium quantity:

Fop(QSmy) = et \/(U2; 5 Fak(c = 5) (B1.3)

Putting (B1.3) back in (B1.1) provides the equilibrium price:

. vts+y/(v—9)?+4k(c—s)
s,my — 2

O

Before we proceed with more results, we prove Lemma B1.1. Let I}, mySn denote the firm’s

optimal profit obtained under the Limited Production strategy, and H}‘\a . denote the firm’s optimal
profit obtained under the Regular Production strategy.

Lemma B1.1. There exists a unique threshold of snobs, B;“nysn, where H}"mesn < H}‘V’C when

B < Bmysn and Hj‘v’mysn > Iy, . when B > Bmysn. The unique threshold level is

Fp'(V529)
\/(c—s)(v—s)/o F ufp(u)du

ﬁmysn ) (v—s)++/(v—s)2+4k(c—s) Fp'( <U75)2+4]2€12675>7(v75))
5 / ufp(u) du
0

8



Proof of Lemma B1.1: Recall the proof of Lemma A2. We use the same technique to prove the
results of Lemma B1.1. In this setting, the optimal profit of the firm serving to the whole market
does not change and the optimal profit of the firm serving to snobs only becomes:

1 (\/ (v—s)2+4k(c—s)—(v—s) )
2k

B-u- fp(u)-du

Cv—s++/(v—s)2+4k(c—s) ./FD
0

*
N,mySn — 9

We define 1T}, my sn(B) to represent the firm’s optimal profit function when limited production
strategy is applied given that the percentage of snobs is 8. Also, we define AII(S) = TN ysn (8) —
H*N’C. We show that the same conditions hold as in the proof of Lemma A2 under the same
assumptions:

o ATI(0) <0 : AIL(0) = —\/(c—s)-(v—s)-/D v u- fp(u) - du \/(c—s)(v—s) is

0
positive since v > ¢ > s. The support of D is non-negative and @} > 0. Then, the last term
of the equality above must be non-positive.

o AII(1) >0:
F;(W—w—s))
_ — 2 -
ATI() = v—s++/(v 25) +dk(c—s) f Pufp(u)du

0

(
—\/(c—s)-(v—s) j u- fp(u)-du
0

. 1/ (v—5)2+4k(
Claim: =2 v=s) (c=s) > y/(c—s)(v—s) when s < ¢ < v.

v—S v—S U—82 v—S 'U—S2
GO be- 0+ 50 = ke b -9y O ke 05

> k(c—s)+ (v—s)?

Taking square root of both sides, we have obtained the following inequality,

_ g2 _
\/(v 48) +k(c—s)—i-v?S > VEk(c—38)+ (v—35)2>V(k+v—3s)(c—s)>(v—-s)(c—s)
(B1.4)
We have shown that the claim holds when s < ¢ < v.
s (v—s)2+4+4k(c—s)—(v—s)
v=s = %
claim holds.

when s < ¢ < v. We use (B1.4) to show that the

Claim:

4

cC— S cC— S
B1.5
\/(vf)z—i-k(c— D<Vk+v—s ( )

5) + %5

W5 e s U8 — e
\/ +k(c—s)+ 5 >/ (k4+v—s)(c—s)




Thus, \/{c = 5)(v = 5) < = s+\/m by (B14). Also, F; ( \/>) < FD1< (v—5)7 1 dk(c—s)—

s

by (B1.5). Then, AII(1) must be positive.

\/(11 9)2+4k((‘ s)—(v— 9))

OTE) ¢, FBIE) _ vooty/ T HiR) / w- fo(u) - du. The

first term of the last equality is positive since v > ¢ > s and k > 0. Also, Q5 ,,,,, /B > 0. Then,

the last equality above must be positive.
=0

Then, there exists a unique root 3}, g, such that Al(S}, s, )

Vi(e—s v—s/ vsu~fD(u)du

* —
= Bmysn = W (o= s>)
v— 5—&-\/(11 8)2+4k(c—s / ufD(u)du
Hence, we have shown that AII(3) changes sign only at ﬁ;w gn, as [ increases. O

Proposition B1.2. There exists a unique threshold of snobs, BfnySnBl'l. If 6 < ﬂ;lysn, i the

RE equilibrium, the firm’s price and quantity choices are characterized by Fp(QF) = = and
pe=1/(c—38) - (v—38)+s, and all customers will try to buy. If B > Brysns in the RE equilibrium,

(v—s)2+4k(c—s)—(v—s)

o and

the firm’s price and quantity choices are characterized by Fg D

—_3)2 _
Prnysn = vhetyl ;) k(e s), and only snobs will try to buy.

:;LySn)

Proof of Proposition B1.2: Follows from the results of Lemma B1.1. If § < B;ysn then it is

more profitable to apply the Regular Production strategy since H*Nmysn < H}‘V’ . and if 3 > B:nysn

then it is more profitable to apply the Limited Production strategy since va’mysn > Iy . O
Before we prove more results, we prove Proposition B1.3.

Proposition B1.3. There exists another unique level of percentage of snobs, Bgmysn, where
:nyS'n < QF when B < BQmysn and Q;knySn > QF when B > B mysn. This unique threshold

level is o (\/i> JF (\/(U —5)2 + 41;(}: —s)—(v— 8)>

Proof of Proposition B1.3: Recall the proof of Proposition 4. We use the same techniques to
prove the results of Proposition B1.3. We define Q5 ,,,,(8) as the equilibrium quantity choice under
the limited production strategy when snobs allocate 8 percentage of the market. Also, we define
AQ(B) = QF 1y (B) — Q7. We show that the same conditions hold as in the proof of Proposition 4
under the same assumptions:

v—Ss v—S8

support of D is non-negative and Q) > 0. Then, AQ(0) <0

e AQ(0) <0: AQ(0) = —Fp? ( ﬂ) il (,/ _S> is positive since we assume that the

(v—s)2+4k(c—s)—(v—s)
2k

(v —8) 4+ (v —15)2 +4k(c — s) 1351(
5 /0 ufp(u)du

B1.1 FRl(/£=2)
By = V=) =9 /0 ufp(u) du/

10
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e AQ(1)>0: AQ(l) = Fy'! < (”‘8)2+4§,§C‘3>‘<”‘3>> - F,;l( %) > 0 by (BL.5) within
the proof of Lemma B1.1. Then, AQ(1) > 0

OAQ(B) . 0AQ(B) v/ (v—s) +4k(c s)—(v—s
° 93 >0: 95~ — F < )

> 0. The inequality follows directly
from the assumption that the support of D is non-negative and )5 ,,,,, > 0. Then, %ﬁ(ﬁ) > 0.

Then, there exists a unique root 3g mys» such that AQ(8g,mysn) = 0:

:BQ,mySn:FDl(\/:>/F (\/(0—8)2—1-4/;(]:—3)—(1)—3))

Hence, we have shown that AQ(f) changes sign only at 8g as [ increases. O

Appendix B2: Snobs have a lower value for commonly available products

The RE Equilibrium remains as described in 4.3.

Proposition B2.1.

(Limited Production) In the RE equilibrium under limited production, all customers (snobs &
commoners) can buy, and the firm’s price and quantity choices are characterized by P(D > Q%) =

k_f;s“”_s andp::\/(cfs)-(kJrvsfs)qu.

Proof of Proposition B2.1: The firm sets the reservation price of snobs so the product is available
to everyone. The RE equilibrium conditions reduce to

p=Fp(Q%) - (k+vs—5)+s (B2.1)

Solving the firm’s critical fractile together with (B2.1) provides the equilibrium quantity, Fp(Q?) =

3 +v . Putting this implicit term back in (B2.1) provides the equilibrium price:

p::FD(Q:)(k+v5—s)+s:1/%(1{:—%@8—5)—#8:\/(c—s)(k+vs—s)+s
[

Proof of Proposition 6: The firm sets the reservation price of commoners so the snobs are
excluded from consideration ((1 — 5)D instead of ) (Recall that this is the case where the snobs
have a lower valuation than the commoners due to abundant availability). The RE equilibrium
conditions reduce to

p=Fapp(Q) (v—s)+s=P(L-B)D>Q) (v—s5)+s (B2.2)

The firm will obtain the critical fractile quantity choice and solving the critical fractile quantity
together with (B2.2) provides the equilibrium quantity, F| (1-p)p(Q7) = \/+=.Putting the implicit
term back in (B2.2) provides the equilibrium price:

cC— S

pe=Fa-pp(Q)(v—s)+s= (v=s)+s=1(c—s)(v—-5)+s

vV—S

11



O
Before we prove more results, we proceed with Lemma B2.1.

Lemma B2.1. There exists a unique threshold of snobs, 8*, where II}, . < Iy, . when 3 < 8%, and
H}‘V’s > H}‘\CC when > B*.B21

Proof of Lemma B2.1: Recall the proof of Lemma A2. We use the same approach to prove the
results of Lemma B2.1. In the new setting, the optimal profit of the firm becomes,

c—s
k+vs—s

Fgl(
N = V(e—s)(k+vs - s)/ wfp(u)du.
0
In addition to that, the optimal profit of the firm serving to the commoners only becomes,

Fp'(y5=
Iy, = (c—s)(v—s)(l—ﬁ)/o ( )ufp(u)du

We define T} .(B) to represent the firm’s optimal profit function when regular production
strategy is applied given that the percentage of snobs is 5. Also, we define AIL(f5) = Iy — Iy, (8).
We show that the same conditions hold as in the proof of Lemma A2 under the same assumptions.

m—1 c—s
FD ( k+vs—s

ATI(0) < 0: AII(0) = /(c—s)(k+vs — s)/ ufp(u)du

0
Fp' (Vi
—\/(c—s)(v—s)/o <\/7) ufp(u)du

Vie—=3s)(v—s) > \/(c—s)(k+vs—s) since 0 < k < v — v, Also, F’51< %) >

FBI < kfv_;s), since /=% < /%55 Then, the last equality above must be negative.

' - B (Ves=)
o ATI(1) > 0: AII(1) = \/(c— s)(k +vs — 5)/ ufp(u)du. \/(c— s)(k+vs — s)

0
is positive since v > vy > ¢ > s. The support of D is non-negative and @5 > 0. Then, the
last term of the equality must be non-negative.

Fpl (/&2
78&81}3(5) >0 : Maiﬂ(ﬁ) = \/(c— s)-(v—s) - / K ( )ufD(u)du. The first term of the

0
equality is positive since v > ¢ > s. The support of D is non-negative and Q%(3)/(1— ) > 0.
Then, the equality must be positive.

Then, there exists a unique root 5* such that AII(8*) = 0:

c—s
k+vs—s

VED

) ufp(u)du

Fp'( ) Fp'(
=B =1- \/k+v—s~/0 UfD(u)du/M/o

Fobl( /===
B2-1The unique threshold level is 8* = 1— <\/k +v—s5- / v
0

12



Hence, we have shown that AII(S) changes sign only at 8* as (3 increases. O

Proposition B2.2. If 5 < g* then in the RE equilibrium, the firm’s price and quantity choices

c—S
v—S

are characterized by Fq_pp(Q}) = and pi = \/(c—s) - (v— ) + s, and only commoners
can buy. However, if B > * then in the RE equilibrium, the firm’s price and quantity choices are

characterized by Fp(QY) = /55— and pt = \/(c —s) - (k+vs — 8) + s, and all customers can

k+vs—s
buy.

Proof of Proposition B2.2: Follows from the proof of Lemma B2.1. If g < * then it is more
profitable to apply the “Regular Production” strategy since Iy, <y . and if § > B* then it is
more profitable to apply the “Limited Production” strategy since H*N7 s > H}k\/, . O

Proposition B2.3. There exists a unique level of percentage of snobs, Bg, where Qi < Q7 when
B < Bg and Q% > QF when > Bg. This threshold level is given by

F[;l( kf’tjis)

=1_-_—— V7
Pa F*l( es)
D v—s

Proof of Proposition B2.3: Recall the proof of Proposition 4. We use the same technique to
prove the results of Proposition B2.3. We define Q}(f5) as the equilibrium quantity choice under
the regular production strategy when snobs allocate § percentage of the market. Also, we define
AQ(B) = QF — Q%(B). We show that the same conditions hold as in the proof of Proposition 4
under the same assumptions:

e AQ(0) <0:AQ(0) = Fp! (@)—Fgl (\/%) We have shown that Fp* ( k_f;ss_s> <

iyl ( ﬂ) within the proof of Lemma B2.1. Then, AQ(0) < 0.

v—S

k+vs—s k+vs—s
the support of D is non-negative and Q% > 0. Then, AQ(1) > 0.

e AQ(1)>0: AQ(1) = F? ( o ) Fi! ( o ) is positive since we assume that

° 8A6%(5 )>o0: 8A5Q6(5 )= F D ! ( %) > 0. The inequality follows directly from the assump-

tion that the support of D is non-negative and Q}(5)/(1 — 3) > 0. Then, %%(ﬂ) > 0.

Then, there exists a unique root g such that AQ(Bg) = 0:

_ —
FD ( kfvsis)
=PBo=1—-— ;
Fpr(y/5=3)
Hence, we have shown that AQ(S) changes sign only at g as § increases. O

Appendix B3: Non-Linear utility from stockouts

Case A:

Proposition B3.1. i ) (Limited Production) In the RE equilibrium under limited produc-
tion, only snobs can buy, and the firm’s price and quantity choices are characterized by

k. Fsp Qi)™ + Fap(Q2)*.(v —s) = c— s and p} = k.F3p(Q5)" + Fap(Q2).(v —s) + 5.

13



it ) (Regular Production) In the RE equilibrium, all customers (snobs € commoners) can

buy, and the firm’s price and quantity decisions are characterized by Fp(QF) = = and

*

pi=+/(c—$).(v—23)+s.

Proof of Proposition B3.1(1):The firm sets the reservation price of snobs so the commoners are
excluded from consideration (8D instead of §). The RE equilibrium conditions reduce to

p:k.FgD(Qs)n+F6D<QS).(U—S)+8 (B3.1)

Solving the critical fractile quantity together with (B3.1) provides the implicit equation for the
equilibrium quantity: B B
= k. Fsp(Q)" ™ + Fsp(QE)*.(v—s) =c—s (B3.2)

Putting the implicit term, Fp(Q%), back in (B3.1) provides the equilibrium price:

Py = k.Fap(Q5)" + Fap(QF)-(v —s) + s

O
Proof of Proposition B3.1(2): Recall that the utility function of the commoners does not change
within this extension. This implies that the reservation price of the commoners stay same. Hence,
the firm’s price and quantity decisions follow from the proof of Proposition 2(2).
Before we proceed with more results, we prove Lemma B3.1.

Lemma B3.1. There exists a unique threshold of snobs, 5*, where Iy, <y . when B < B*, and
H*N,S > H*N7C when B > B* under both formulations.

Proof of Lemma B3.1: We use the same approach of proof of Lemma A2 to prove the results of
Lemma B3.1. In this setting the optimal profit of the firm serving to the whole market does not
change and the optimal profit of the firm serving to snobs only becomes:

Qs

Ns = (kFp(Q:/8)" + Fp(Q;/B)-(v—3)) /0 7 Bufp(u)du (by (B3.2))

Qs
c— S B
= FD(Q?/B)B/O ufp(u) (by (B3-2))

We define H*N7 s(B) to represent the firm’s optimal profit function when limited production strategy
is applied given that the percentage of snobs is 5. Also, we define AII(3) = Iy, (B) — Ty .. We
show that the same conditions hold as in the proof of Lemma A2 under the same assumptions:

o AII(0) < 0:AII0) = —y/(c—s).(v—13) fOQ: ufp(u)du. (c—s)(v—s) is positive since
v > ¢ > s. The support of D is non-negative and @} > 0. Then, the equality must be
non-positive.

o AII(1) > 0:

_ _ Q3 Qe
ATI(1) = (k.FD(Q:)n—i-FD(Q:).(U—S))/ ufp(u)du — \/(c—s).(v—s)/o ufp(u)du

0

It is easy to show that k.Fp(Q%)"™ + Fp(Q%).(v —s) > \/(c — s)(v — s) and Q% > Q7 by using
(B3.2). Hence, II(1) > 0.

14



° Bﬂaiﬁ(ﬁ) > 0: First, we use Equation (B3.2) to show that 8523’; — % = 0. This result simplifies
the derivative of AIL() with respect to 8 and this simplification reveals the sign of M@Lﬁ(ﬁ)‘

The derivative of Equation (B3.2) with respect to [ is:

dFp(Q3/H)
op
v—s > 0since v > ¢ > s, and k > 0. Then, the term in the parenthesis must be positive. This
implies that %%Z/ﬂ) = 0. The support of D is positive and 5 € (0,1). Hence, 6526: = Qﬁé
The derivative of AII(S) with respect to 3 is:

(k.(n+1).Fp(Q5/B)". +2.(v = 5).Fp(Q}/8)) = 0

Qs

OAII(B)  c—s B , 0Q; _ Qf
B FD(QE/@T/O ufp(u)du (smce 28~ 5 >

c— s> 0since v > ¢ > s and QF > 0 except for f = 0. Then, the last equality above must
be positive.

Hence, we have shown that II(3) changes sign only at 8* as § increases. O
Proposition B3.2. If 5 < B* then in the RE equilibrium, the firm’s price and quantity choices
are characterized by Fp(QF) = /<2 and p; = /(c—s)-(v—s) + s, and all customers can

buy. However, if B > (* then in the RE equilibrium, the firm’s price and quantity choices are
characterized by k.Fgp(QX) "M +Fsp(Q%)?.(v—s) = c—s and pt = k.Fp(Q%)"+Fsp(Q%).(v—s)+s,
and only snobs can buy.

Proof of Proposition B3.2: Follows from the results of Lemma B3.1. If 8 < 8* then it is more
profitable to apply the “Regular Production” strategy since IIy < II}y . and if § > 8% then it is

more profitable to apply the “Limited Production” strategy since 113, . > II}; .. O
Case B:
Proposition B3.3. i ) (Limited Production) In the RE equilibrium under limited produc-

tion, only snobs can buy, and the firm’s price and quantity choices are characterized by

B (OF) — (c=3)-(1-F3p(Q2)) e v (_Fur(O)—
Fsn Q) = mimo@ny T @) —Fon@ns P = immpanyr 1 Fin(@)v

FQD(Q:).S +s.

it ) (Regular Production) In the RE equilibrium, all customers (snobs & commoners) can

buy, and the firm’s price and quantity decisions are characterized by Fp(QZ) = /<= and

pi=+/(c—9).(v—35)+s.

Proof of Proposition B3.3(1): The firm sets the reservation price of snobs so the commoners
are excluded from consideration (D instead of 3). The RE equilibrium conditions reduce to:

p= m — (1= F5p(Qs)).v — Fsp(Qs)-5 + s (B3.3)

The firm will obtain the critical fractile quantity choice. Solving the critical fractile together with
(B3.3) provides the implicit equation for the equilibrium quantity:

= v.Fp(Q/B).(1 - (1= Fp(Q:/A))") + Fp(Q:/B)*.(1 = Fp(Q:/B))".(v —5) = (¢ — 5).(1 = Fp(Q:/B))" (B3.4)
Putting the implicit term, Fp(Q%), back in (B3.3) provides the equilibrium price:

* v

= T Ry~ (L Fep(@)v = Fap(@Q0)s + 5
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O

Proof of Proposition B3.3(2): Recall that the utility function and the reservation price of

commoners stay unchanged. Hence, the firm’s price and quantity decisions follow from the proof

of Proposition 2(2). O
Before we proceed with more results, we prove Lemma B3.2.

Lemma B3.2. There exists a unique threshold of snobs, 5*, where H}k\,’S < H*N,c when B < 8%, and
Iy ¢ > Uy . when B> B* under both formulations.

Proof of Lemma B3.2: Recall the proof of Lemma A2. We use the same technique to prove the
results of Lemma B3.2.

In this setting, the optimal profit of the firm serving to the whole market does not change and
the optimal profit of the firm serving to snobs only becomes:

C (0O F@BNY p o N [T
y, — (SUU O L py@us-). [ pasp(wa (by (B3.4))

Q:
c—s B
= FD(QWB/O u- fp(u) (by (B3.4))

We define 1T}y ((8) to represent the firm’s optimal profit function when limited production strategy
is applied given that the percentage of snobs is 5. Also, we define AII(3) = Iy, s(B) — Iy .. We
show that the same conditions hold as in the proof of Lemma A2 under the same assumptions:
AII(0) < 0: AII(0) = —/(c — s).(v —s) fOQ: ufp(u)du. \/(c— s)(v—s) is positive since v > ¢ >
SA. 1_}1“(1;6)3 s>u16port of D is non-negative and @} > 0. Then, the equality must be non-positive.

v. — - 7D ) = * Qs Q:
AII(1) = ( (1(1 ElprQ;()%i)) ) + Fp(Q2).(v— s)) /0 ufp(u)du —+/(c—s).(v — 5)/0 ufp(u)du

It can be shown that v'(l(zg;fDlig(f)?):ﬂ),)n) + Fp(QY).(v—s8) > +/(c—s)(v—s) and Q% > Q? by using
(B3.4). Hence, II(1) > 0.

LA(%(B ) > 0: First, we use Equation (B3.4) to show that 8(%; - % = 0. This result simplifies

the derivative of AIL() with respect to 8 and this simplification reveals the sign of BAT%(B).

The derivative of Equation (B3.4) with respect to f is:

WPERUGEID (1 (1= Fo(@0)") + n (@)1~ Fo(@)") + 200 - 9 22U oz )1 - Fo@i)”
= n(1— Fp (@) IO (@282 — (e~ ) (B3.5)

9B
It is easy to show that Fp(Q¥)? > Fp(Q*)? > Fp(Q*/B)? by using (B3.4). This leads to the

following result:

c— S

= Fp(Qi)° = > Fp(Q/B)* = (v—15).Fp(Q:/B)* — (c—s) <0

v—S8

Then, the terms in the parenthesis on the righthand side of Equation B3.5 is negative. On the

other hand, the rest of the terms, except for %%:/B), is positive on both sides of the equation.
Therefore, the equality in Equation B3.5 holds if and only if %%;/'B) = 0. The support of D is
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o %

positive and § € (0,1). Thus, 662 = % The derivative of AII(S) with respect to [ is:

Q3

INTI(B)  c—s 5 0Qy Qg
ap _FD(Q:/B)Q'/O ufplu)du (smce 9 B >

c—s > 0since v > c > s and QF > 0 except for § = 0. Then, the last equality above must be
positive. Hence, we have shown that II(3) changes sign only at 8* as § increases. O

Proposition B3.4. 1. If B < B* then in the RE equilibrium, the firm’s price and quantity
choices are characterized by Fp(QF) = (/<= and pt = \/(c—s) - (v —8) + s, and all cus-

v—S8

tomers can buy. However, if 8 > [8* then in the RE equilibrium, the firm’s price and quan-
) (c=s).(A=Fpp(QI))"

v—(1=Fpp(Q:))" T v—Fsp(QF)-(1-Fpp(Q7))".s
pE= m (1 - Fsp(QF)).v — Fsp(Q%).s + s, and only snobs can buy.

Proof of Proposition B3.4:Follows from the results of Lemma B3.2. If § < 8* then it is more

profitable to apply the “Regular Production” strategy since H?V’ s < H7V, . and if B > B* then it is

more profitable to apply the “Limited Production” strategy since II}; . > I}, .. 0

and

tity choices are characterized by Fsp(Qf) =

Proposition B3.5. There exists a unique level of percentage of snobs, Bg, where Qi < QY when
B < Bg and Q5 > QF when 8 > Bg under both formulations.

Proof of Proposition B3.5: Recall the proof of Proposition 4. We use the same technique
to prove the results of Proposition 5. We define Q%(3) as the equilibrium quantity choice under
the limited production strategy when snobs allocate 8 percentage of the market. Also, we define
AQ(B) = Q%(B) — Q. We show that the same conditions hold as in the proof of Proposition 4
under the same assumptions:

Case A: o AQ(0) < 0: AQ(0) = —Fp* ( CiS). Fpl (,/ 75) is positive since we assume that

v—S v—S

the support of D is non-negative and Q7 > 0. Then, AQ(0) < 0

e AQ(1) >0: AQ(1) = Q%(1) — Q. Tt is easy to show that Q%(1) > Q* by using (B3.2).
Then, AQ(1) >0
° BA(;‘%(B) >0: aAa%(B) = 6(%2 We show that 85 = %

Q% > 0 except for § =0 and 8 > 0. Then, 8Aé%( ) < 0.

Hence, we have shown that AQ(3) changes sign only at g as [ increases.

within the proof of Lemma B3.1.

the support of D is non-negative and @} > 0. Then, AQ(0) < 0
e AQ(1)>0: AQ(l) = Q(1) — Q~. It is easy to show that Q%(1) > QF by using (B3.4).
Then, AQ(1) >

° 8AQ(’8) >0: 8A§3(’8) = 8Q . We show that &3 = % within the proof of Lemma B3.2.

B
Q: > 0 except for § =0 and B > 0. Then, 8AQ(5) > 0.

Case B: o AQ(0) < 0: AQ(0) = —Fp! ( C_S). il (,/ _5> is positive since we assume that

Hence, we have shown that AQ(f5) changes sign only at 8g as [ increases. O
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Appendix B4: Beliefs based on Fill-Rate

Proposition B4.1. 1. (Limited Production) In the RE equilibrium under limited production,
only snobs can buy, and the firm’s price and quantity choices are characterized by Fap(Q%) =
B vt and p* = ¢ g
fQ; (u—QS)fBD(u)du S FﬁD(Q;)
EgplD]

v+k.

—S

2. (Regular Production) In the RE equilibrium, all customers (snobs & commoners) can buy,

c—S

and the firm’s price and quantity decisions are characterized by P(D > QF) = /<= and
pi=+/(c—35) (v—s)+s.
Proof of Proposition B4.1(1): The RE equilibrium conditions reduce to

o (u— Qs) fop(u)du
_ Qs
p=v+k Esn[D]

(B4.1)

Solving the critical fractile choice together with (B4.1) provides the implicit equation for the equi-
librium quantity:

_Qr c—s c—s
Fr(X8) = — B4.2
D(ﬁ) p—s fQ* Qi) fpp(wdu ( )
E,BD[D] 5
1/3
Solving this equation with uniformly distributed demand on (0,N) leads to Q% = SN <1 — <kfr;i s> ) .
We obtain the equilibrium price using (B4.2), p = Fc(*i) + s. O
TS

Proof of Proposition B4.1(2): Again note that the utility function and the reservation price of
the commoners remain unchanged. Hence, the firm’s price and quantity decisions follow from the
proof of Proposition 2(2). O

Lemma B4.1. There exists a unique threshold level of snobs, 8*, where Iy ; <1y . when § < %,
and Iy o > 11y . when § > 5.

Proof of Lemma B4.1: Approach to proving this Lemma B4.1 follows the the proof of Lemma A2.
In this setting, the optimal profit of the firm does not change and the optimal profit of the firm
serving to snobs only becomes:

Q:/8
Iy, = ((c— )23k + v — )13 / Boufp(u)du
0

We define I}y s() to represent the firm’s optimal profit function when limited production strategy
is applied given that the percentage of snobs is 8. Also, we define AII(B) = I} (8) — I} .. We
show that the same conditions hold as in the proof of Lemma A2 under the same assumptions:

e AII(0) < 0: AIL(0 —/(c—s)(v—s fo ufD (c —s)(v—s) is positive since
v > c > s. The support of D is non-negative and Q* > (0. Then, the equality must be
non-positive.

o AII(1) > 0: ATI(1) = ((c—5)*/3(k+v— )1/3) ufD(u)du—\/ c—s)(v—s) ufD )du.
It is easy to show that (c¢—s)%/3(k+v—s)'/3 > \/(c —s)(v—s)and Q% > Q; by using (B4.2).
Hence, II(1) > 0.
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° AHT(m > 0: All conditions are implicit. Nevertheless, the approach is same as before. For

instance, if the demand is distributed U(0, N), we can show AHTW = (c—8)*3.(k +v —

1/3 N(l_(k-!—v—s)g)
$)Y3 [, ufp(u)du > 0. We know that s < ¢ < v and Q%/F > 0. Then,
ATI(B)

T>O'

Hence, we have shown that II(3) changes sign only at 8* as 8 increases. ]

Proposition B4.2. If 5 < g* then in the RE equilibrium, the firm’s price and quantity choices

are characterized by Fp(Q}) = /<=2 and pi = \/(c—s)-(v—1s) + s, and all customers can
buy. However, if B > [* then in the RE equilibrium, the firm’s price and quantity choices are
characterized by Fgp(Q%) = " TS <uch7’§§ng(u)du and pi = F;D*(z):) + s, and only snobs can buy.
vtk =
8D

—S8

Proof of Proposition B4.2: Follows from the results of Lemma B4.1. If § < §8* then it is more
profitable to apply the “Regular Production” strategy since II}, , < II, . and if 8 > 8% then it is
more profitable to apply the “Limited Production” strategy since H}k\,, s > H}k\/, o O

Proposition B4.3. There exists a unique level of percentage of snobs, Bg, where Q5 < Q7 when
B < Bgo and Q5 > QF when B> fg.

Proof of Proposition B4.3: We use the same approach as proof of Proposition 4 to prove
the results of Proposition B4.3. We define Q*(f5) as the equilibrium quantity choice under the
limited production strategy when snobs allocate [ percentage of the market. Also, we define
AQ(B) = Qi(B) — Qr. We show that the same conditions hold as in the proof of Proposition 4
under the same assumptions:

o AQ(0) < 0: AQ(0) = —Fp! (,/%). Fpl ( %) is positive since we assume that the
support of D is non-negative and Q% > 0. Then, AQ(0) < 0.

e AQ(1) >0: AQ(1) = Q% — QF. It is easy to show that and Q% > @} by using (B4.2). Then,
AQ(1) > 0.

1/3
. M@Lﬁ(ﬁ) > 0: Recall Q% within the proof of Proposition B4.1(1): aAa%('B) = N. <1 — (k;j—;i;) )
We know that s < ¢ < v. Then, AHTW) > 0.

Hence, we have shown that AQ(5) changes sign only at 8g as [ increases. O

Appendix B5: Beliefs based on Expected Sales

Proposition B5.1. 1. (Limited Production) In the RE equilibrium under limited production,
only snobs can buy, and the firm’s price and quantity choices are characterized by Fgp(Q3%) =

L and pk = ﬁ +s.
E

v+

*k —S
Q5-8 fOQS/B Fp(u)du
2. (Regular Production) In the RE equilibrium, all customers (snobs & commoners) can buy,

c—S

and the firm’s price and quantity decisions are characterized by P(D > QF) = /<= and
pi=+/(c—35) (v—3s)+s.
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Proof of Proposition B5.1(1): The firm sets the price at the reservation price of snobs so the
commoners are excluded from consideration (5D instead of ). The RE equilibrium conditions

reduce to:
k

Qs — B 2% Fp(u)du

The firm will obtain the critical fractile quantity choice. Solving the critical fractile together
with(B5.1) provides the implicit equation for the equilibrium quantity:

(B5.1)

p=v+

o) Fp(%)
jFD(%).(v—S)—l—k. Q*/g =c—s (B5.2)
B Q?;_Bfo /" Fp(u)du
We obtain the equilibrium price using (B5.2): pf = ;(553) + s. O
B
Proof of Proposition B5.1(2): Recall that the reservation price of the commoners stay same.
Hence, the firm’s price and quantity decisions follow from the proof of Proposition 2(2). O

Lemma B5.1. There exists a unique threshold level of snobs, 5, where Il o < Iy . when < %,
and Iy > IIy . when 5 > 5*.

Proof of Lemma B5.1: Proof for Lemma B5.1 is similar to the proof of Lemma A2.
In this setting, the optimal profit of the firm under regular production does not change and the
optimal profit of the firm serving to snobs only becomes:

Q:/B
My, = (pf — ). /0 Boufp(u)du

We define IT}; () to represent the firm’s optimal profit function when limited production strategy
is applied given that the percentage of snobs is 5. Also, we define AII(S) = H}*\,’ (B) — Iy .. We
show that the same conditions hold as in the proof of Lemma A2 under the same assumptions:

o AII(0) < 0: AII(0) = —y/(c—s)(v—15) fOQz ufp(u)du. (c—s)(v—s) is positive since
v > ¢ > s. The support of D is non-negative and @} > 0. Then, the equality must be
non-positive.

o AII(1) > 0: AII(1) = (pf — 9). fOQ: ufp(u)du —+/(c—s).(v—s). fOQ: ufp(u)du. It is easy to
show that p} > \/(c —s).(v —s) and Q% > Q7 by using (B5.2). Hence, AII(1) > 0.

AUB) - 0: General distributions are intractable. We can derive results for the specific uni-
form distribution, or computationally for any distribution. The profit obtained from Limited

Edition Strategy, H*N,s(ﬁ) increases with 5. Thus, A%(B ) > 0.

Hence, we have shown that II(3) changes sign only at 5* as  increases. O

Proposition B5.2. If 5 < B* then in the RE equilibrium, the firm’s price and quantity choices

are characterized by Fp(Q:) = /<= and p; = /(c—s)-(v—3s) + s, and all customers can

buy. However, if B > [* then in the RE equilibrium, the firm’s price and quantity choices are

characterized by Fgp(Q%) = e QC*E‘; — and pg = ﬁ + s, and only snobs can buy.
QE-B [y Fp(u)du B

Proof of Proposition B5.2: Follows from the results of Lemma B5.1. If § < §8* then it is more
profitable to apply the “Regular Production” strategy since Iy, <y, and if § > B* then it is
more profitable to apply the “Limited Production” strategy since H*N7 s > H}k\/, . O
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Proposition B5.3. There exists a unique level of percentage of snobs, Bg, where Q% < Q% when
B < Bgo and Q5 > QF when B> Bg.

Proof of Proposition B5.3: Recall the proof of Proposition 4. We use the same technique to
prove the results of Proposition B5.5. We define Q%(f5) as the equilibrium quantity choice under
the limited production strategy when snobs allocate § percentage of the market. Also, we define
AQ(B) = Q%(B) — QF. We show that the same conditions hold as in the proof of Proposition 4
under the same assumptions:

v—S8 v—S8

support of D is non-negative and Q% > 0. Then, AQ(0) < 0.

o AQ(0) < 0: AQ(0) = —Fp? ( C_S>. Fpl < C_S) is positive since we assume that the

o AQ(1) > 0: AQ(1) = Q%(1) — Q. We can show that Q%(1) > @} by using (B5.2). Then,
AQ(1) > 0.

MaLﬁ(ﬁ) > 0: The result can be shown for specific distributions with finite support such
as uniform or using numerical analysis. The equilibrium quantity under Limited Edition

Strategy, Q%(f) increases with . Thus, 8A@Qﬁ(6) > 0.

Hence, we have shown that AQ(S) changes sign only at g as (8 increases. O

Appendix B6: Beliefs based on Firm’s Production Quantity

Proposition B6.1. 1. (Limited Production) In the RE equilibrium under limited production,

only snobs can buy, and the firm’s price and quantity choices are characterized by F’gD(Q?;) =
c—s k

and pt = v+ 0

’U—‘rQLz—S

2. (Regular Production) In the RE equilibrium, all customers (snobs & commoners) can buy,

and the firm’s price and quantity decisions are characterized by P(D > Q) = /<= and

pﬁz\/(c—s)-(v—s)+s.

Proof of Proposition B6.1(1): The firm sets the price at the reservation price of snobs so the
commoners are excluded from consideration (5D instead of ). The RE equilibrium conditions
reduce to:

k
p=v+— B6.1
Q. (B61)
Solving the critical fractile together with (B6.1) provides the implicit equation for the equilibrium

quantity:

* n %
:F(%).(U—S)M.F(Qf ) =c—s (B6.2)

'Ufcf%%»\/(vf(cf%))hr&(v‘%g).k
V—S *
2,020

Solving this equation with uniformly distributed demand on (0,1) leads to Q% =

We use (B6.2) to obtain the equilibrium price: p¥ = FC(_QZ) + 5. O
B

Proof of Proposition B6.1(2): Recall that the utility function and the reservation price of the

commoners remain unchanged. Hence, the firm’s price and quantity decisions follow from the proof

of Proposition 2(2).

Lemma B6.1. There exists a unique threshold level of snobs, 5*, where Iy ; <1y . when g < %,
and ITy o > 11y . when § > 5.
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Proof of Lemma B6.1: We use the the proof of Lemma A2 to prove the results of Lemma B6.1.
The optimal profit of the firm under regular production does not change, and the optimal profit of
the firm serving to snobs only becomes,

Q:/B
My, = (f — ). /O Boufp(u)du

We define IT}; () to represent the firm’s optimal profit function when limited production strategy
is applied given that the percentage of snobs is 5. Also, we define AII(S) = H*N’ (B) — H}‘\L . We
show that the same conditions hold as in the proof of Lemma A2 under the same assumptions:

o AII(0) < 0: AI(0) = —y/(c—s)(v—15) [, Zufp(u)du. (c—s)(v—s) is positive since
v > ¢ > s. The support of D is non-negative and @} > 0. Then, the equality must be
non-positive.

o AII(1) > 0:

Q3 Q:
AII(1) = (p:—s)./ ufp(u)du — \/(c—s).(v—s)./o ufp(u)du

0

It is easy to show that pf > /(¢ — s)(v — s) and Q% > Q} by using (B6.2). Hence, AII(1) > 0.
° %%(6) > (: Similar to above proofs.

Hence, we have shown that II(/5) changes sign only at 5* as /3 increases. O

Proposition B6.2. If 5 < 8* then in the RE equilibrium, the firm’s price and quantity choices

are characterized by Fp(Q}) = /<=2 and pi = /(c—s)-(v—1s) + s, and all customers can
buy. However, if 8 > [* then in the RE equilibrium, the firm’s price and quantity choices are

c—sS

characterized by Fsp(Q%) = P and pi = v+ &, and only snobs can buy.
Q* - S

s

Proof of Proposition B6.2: Follows from the results of Lemma B6.1. If § < 8* then it is more
profitable to apply the “Regular Production” strategy since II}, , < II, . and if 8 > 8* then it is
more profitable to apply the “Limited Production” strategy since H}k\,, s > H}k\/, o O

Proposition B6.3. There exists a unique level of percentage of snobs, Bg, where Q; < Q7 when
B < Bgo and Q5 > QF when B> fg.

Proof of Proposition B6.3: To prove Proposition B6.3, we follow the proof of Proposition 4.
We define Q%(3) as the equilibrium quantity choice under the limited production strategy when
snobs allocate 3 percentage of the market. Also, we define AQ(B) = Q%(8) — Q. We show that
the same conditions hold as in the proof of Proposition 4 under the same assumptions:

o AQ(0) < 0: AQ(0) = —Fp! (,/%). Fpl ( %) is positive since we assume that the
support of D is non-negative and Q% > 0. Then, AQ(0) < 0.

e AQ(1) > 0: AQ(1) = Qf — Q. Tt is easy to show that and Q% > Q! by using (B6.2). Then,
AQ(1) > 0.
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° %Qﬁ(ﬁ) > 0: Recall equation (B6.2). Taking the derivative of the equation with respect to

leads to the following result:

—kFD(Qzﬂ(B)) 0Q:

The equality holds if and only if 0 < %ﬁ(ﬁ) < %

Hence, we have shown that AQ(S) changes sign only at g as § increases. O

Appendix B7: Price Dependent Stockout Beliefs

Proposition B7.1. 1. (Limited Production)In the RE equilibrium under limited production,
for those values of the price set larger than the commoners’ reservation price but smaller than
or equal to the snobs’ reservation price, i.e., r. < p < rg, only snobs can buy, and the firm’s

quantity decisions are characterized by Fp ( = ;%S.

2. (Regular Production)In the RE equilibrium, for those values of the price set smaller than
or equal to the commoners’ reservation price, i.e., p < r. all customers (snobs & commoners)
can buy, and the firm’s price and quantity decisions are characterized by Fp(Q*(p)) = ;%Z.

Proof of Proposition B7.1(1): The firm sets a price higher than the anticipated reservation

price of the commoners and smaller than or equal to the anticipated reservation price of the snobs,

ie., e, <p <ep,, so the commoners are excluded from consideration (8D instead of 3). The RE
equilibrium conditions reduce to:

p=Fp (CQEID)).(kH—U—S)—FS (B7.1)

Then, the firm will obtain the critical fractile quantity based on this price. This provides the
equilibrium quantity: Fp <%(m> = /5t Putting Fp (%@) back in (B7.1) provides the
equilibrium price, pi = v/(c — s)(k +v — s) + s. O
Proof of Proposition B7.1(2): For those values of the price smaller than or equal to the

anticipated reservation price of the commoners, i.e., p < ¢,_, the RE equilibrium conditions reduce
to:

p=Fp(Q®p).(v—1s)+s (B7.2)
Then, the firm will obtain the critical fractile quantity based on this price. This provides the equi-
librium quantity: Fp(Q*(p)) = {/<==. Putting F(Q*(p)) back in (B7.2) provides the equilibrium
price: pt = +/(c—s)(v—s) + s. O

Proof of Proposition 7: Propositions B7.1(1) and B7.1(2) show that the firm sets the same equi-
librium price and produces the same equilibrium quantity as in Proposition 2 for the corresponding
selling strategies. This concludes the proof. O
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Appendix C: Proofs for Section 5

Appendix C1: Endogenous Salvage Pricing

Proof of Proposition 8(1): The firm sets the price of the good at the reservation price of snobs
so the commoners are excluded from the consideration (5D instead of ). The RE equilibrium
conditions reduce to

Q Q
p= FD(CBQ). (k—i—v — S0 —1—31/0[a (QE?BU)CZFD(u)> + 50 — 51/05 %ﬁu)dFD(u) (B7.3)

The firm will produce the quantity that sets the FOC with respect to Q to O:

/ uw dFp(u)+Fp (%* Qs

B

o Fo(L).(w+ & - 50) + 51— 51.Fn (). /O (Q*Q5“>dFD<u> — e (s0—51)

o 5

(B7.4)
Putting @} back in (B7.3) provides the equilibrium price:

Py = FD(%‘;). k+vso+51/0 (Q*Qsﬁu) p(u) +5051/0 (Q*Qsﬁu)dFD(u)

Proof of Proposition 8(2): The RE equilibrium conditions reduce to

_ RO —u QO —u
p=Fp(Q). <vso+81/0 (gQ)dFD(u)> +3081/0 (QQ)dFD(u) (B7.5)

The firm will produce the quantity that sets the FOC with respect to @ to O:

(Qc — U)
Q:

o [
12/0 W dFp(u)+Fp(QY). (FD(Q ).(v = 80) + 51 — 51.Fp(QF). /0

Q; dFD( ) = C—(So—81)

(B7.6)
Putting the implicit term, @, back in (B7.5) provides the equilibrium price:

Q7 * Q: *
P = Fp(Q)). (kﬂswsl/o @ ary >>+5051/0 @) i)

O
Before we proceed with more result, we prove Lemma 1.

Lemma C.1. There exists a unique threshold level of snobs, B*, where Il . <IIy . when B < (%,
and Iy o > IIy . when B > 5*.

C

Proof of Lemma C.1: Recall the proof of Lemma A2. We use the same technique to prove the
results of Lemma C.1.
In this setting, the optimal profit of the firm serving to the whole market becomes:

* * T * * * * @ S1 @ * 2
= pc'Qc'FD(Qc) - C'Qc + SO'QC'FD(QC) — 80./0 udFD(u) — Q*/O (Qc — ’LL) dFD(’LL)
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Also, the optimal profit of the firm serving to the snobs only becomes:

N y Q3 Qs
I, =pz.Q:.FD<%> o +50.Q:.FD<%> 0.6 /0 " udFp(u) - /0 7 Q" = Bu)2dFp(u)

We define IT}; (/) to represent the firm’s optimal profit function when limited production strategy
is applied givén that the percentage of snobs is 5. Also, we define AII(B) = Ty, (B) — Ty .. We
assume that we are considering the set of parameters which gives non-negative profits for both
strategies. We show that the same conditions hold as in the proof of Lemma A2 under the same
assumptions:

o AII(0) < 0: AII(0) = —II}, .. We know that I}, . > 0. Then, AII(0) < 0.

e AII(1) > 0: For g =1 the profit obtained from Limited Edition Strategy, H*N7 s(B) is always
higher than the profit obtained from Regular Production Strategy, Iy .. Thus, AII(1) > 0.

AlI(B)

° > 0: Result shown as before for uniform distribution. Computational tests confirm the

result for general distributions.

Hence, we have shown that II(3) changes sign only at 8* as § increases. ]

Proposition C.1. If § < 8* then in the RE equilibrium, the firm’s price and quantity choices are
characterized by Equations (3) and (4), and all customers can buy. However, if 3 > B* then in the
RE equilibrium, the firm’s price and quantity choices are characterized by Equations (1) and (2),
and only snobs can buy.

Proof of Proposition C.1: Follows from the results of Lemma C.1. O

Proposition C.2. There exists a unique level of percentage of snobs, Bg, where Q% < Q7 when
B < Bgo and Q5 > QF when B> Bg.

Proof of Proposition C.2: We show that the difference between )} and @} changes sign only
at a particular threshold level, g, as 8 increases. We define Q}(3) as the equilibrium quantity
choice under the limited production strategy when snobs allocate [ percentage of the market. We
assume that Q%(8) > 0 except for § = 0 and Q} > 0 without loss of generality. Also, we define
AQ(B) = QE(B) — QF. Then, showing that AQ(0) < 0, AQ(1) > 0, and %Qﬁ(ﬁ) > 0 is sufficient to
say there exists unique Bg such that AQ(Bg):

e AQ(0) < 0: AQ(0) = —QF. We know that Q7 > 0. Then, AQ(0) < 0.

e AQ(1) > 0: Again, for 8 = 1 the equilibrium quantity under Limited Edition Strategy, Q% is
always higher than Q%. Thus, AQ(1) > 0.

) %QB(B) > 0: The equilibrium quantity under Limited Edition Strategy, Q% (/) increases with
B. Thus, 2222 > 0.

Hence, we have shown that AQ(S) changes sign only at g as § increases. O
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Appendix C2: Clearance Pricing Model

Proof of Proposition 9(1): RE equilibrium conditions reduce to
s5(¢, D) = argmax{so pa(s2)ls2 < (4 = BD)"}; (g, D) = pa(s3(g, D))

a
p
We use the backward induction method to find the RE equilibrium of this game. First, we start with
Period 2. We find the equilibrium number of remaining units to sell, s3(q, £), hence the equilibrium
price set, p3(q,§), for every possible realization of demand from Period 1 (§) and number of units

produced in Period 1 (q). Let Ra(s2) = s2(pq — pps2) be the unconstrained revenue function of the
2
firm from Period 2. Note that 81223(52) = —2py < 0, hence Ry(s2) is concave in s3. Then, sy = Lo
OR2(s2)

2py
that sets s, 1O 0, maximizes the Period 2 revenue. However, number of units to sell in Period

p1=Fp(3). (v+k — Ep[p3(q, D)]) + Eplps(q, D)]

2 is constrained by the number of remaining units from Period 1, i.e., (¢ — D)™. If s} turns out to
be higher than (¢ — 3D)™, the firm earns the most if he sells the whole remaining inventory from
Period 1, i.e., (¢— D)™ because of the concave structure of Ry(s2). We can write the corresponding
optimal selling quantity, which also provides the optimal clearance price in Period 2 through the
clearance price function as

Pa_ fpia< _ D+
S;,s(an):{Qpb ! 2pp _(q ﬁ ) ’

(¢—BD)* if £2 > (¢ D).
p* (q D)— %L lf%S(q_ﬁD)—'—v
2, ? - 3 a
’ pa—mo(q—BD)* if $& > (¢ — BD)*.
We move to Period 1 after finding the Period 2 equilibrium price and selling quantity decisions.
The firm’s profit from the whole game can be written as

I(¢,p1) = Ep[pimin{q, D} —c.q+ p5(q, D).s5(q, D)]

g P2 — 3
= (p1—o)q —m/o (q — Bu)dFp(u) + 4—prD —5

+ / (b — Pl — B)) (¢ — Bu)dFp (u)
73

g9
oTl(q, B
Note that % =q— [ (¢ — BuwdFp(u) > ¢q.(1 — Fp (%)) > 0. Then, the firm sets the
reservation price to the maximum possible value that is the reservation price of the customers. The
firm’s Period 1 price choice can be written as:

Q:

* B n Q* * * * *
s [ (P (%) o ko ma(@ ) 4 55(@20) ) dFp(w (B7.7)
The firm will obtain the equilibrium production quantity choice as:
All(p1,q) q g
o (p1—¢) = p1-Fp 3 + /,_jgb (Pa — 2pp(q — Bu))dFp(u)
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Qs

=i =05 (L) ¢ for gy 00— 20(@: - )b =0 (BT
B

Solving equations (B7.7) and (B7.8) provides the equilibrium quantity characterized by the
following equation:

- FD<%*) FD <Qﬁ:>.((v+kpa).FD (%?)m)FD <%> . (%> . (Q ;>pz

Q*

(o () o (%) 42 [orgy (@3- BuFD() — e o (FD (%)- (Q;» ~0

B

aH(pla Q)
= aq

O
Proof of Proposition 9(2): RE equilibrium conditions reduce to

s5(q, D) = argmazg,{s2.p2(s2)ls2 < (¢— D)} p3(q, D) = pa(s3(q, D))

p1=Fp(q). (v+k — Ep[p3(q, D)) + Ep[p3(q, D)]

We use the backward induction method to find the RE equilibrium of this game. First, we start
with Period 2. We find the equilibrium number of remaining units to sell, s5(g, D), hence the
equilibrium price set, p3(q, D), for every possible realization of demand from Period 1 (D) and
number of units produced in Period 1 (q). Let Ra(s2) = s2(pq — pps2) be the unconstrained revenue

function of the firm from Period 2. Note that 8R2(52)

= —2p, < 0, hence Ry(s2) is concave in ss.

Then, s5 = % that sets Mgf(f) to 0, maximizes the Period 2 revenue. However, number of units
to sell in Period 2 is constrained by the number of remaining units from Period 1, i.e., (¢ — D)™.
If s} turns out to be higher than (¢ — D)™, the firm earns the most if he sells the whole remaining
inventory from Period 1, i.e., (— D)™ because of the concave structure of Ra(s2). We can write the
corresponding optimal selling quantity, which also provides the optimal clearance price in Period 2
through the clearance price function as

Pa_ £ Pa _ D)+
s5 (g, D) = 2P if o, = (@ = D)7,
’ (a— D)t it £ > (¢— D)*.

P D) =1 ? if oy < (a—a),
’C Pa—pp(g =T i P> (¢ - O
We move to Period 1 after finding the Period 2 equilibrium price and selling quantity decisions.
The firm’s profit from the whole game can be written as

I(g,p1) = Eplprmin{q, D} = c.q+p3(q, D)-s5(q, D)]
q 2 q
— -on-n [ @-warp@+ 225 (o= 25+ [T unla—0) 0 - wdFp()

— 20y

all(q,
Note that % = q— JJ(¢ = w)dFp(u) > ¢.(1 — Fp(gq)) > 0. Then, the firm sets the
reservation price to the maximum possible value that is the reservation price of the customers. The
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firm’s Period 1 price choice can be written as:

)

Qr
P, = /0 (Fp(Q2).(v — p3(Q5 w) + p3(Q5 u)dFp (u) (B7.9)

The firm will obtain the equilibrium production quantity choice as:

q
(WE;?(;L]) = (p1 —¢) —p1-Fp(g) + /q_i%(pa — 2py(q — w))dFp(u)
Q:
o, Mng) (pTc—¢) =i Fp(Qr) + / (pa — 2p5(Q% — w))dFp(u) = 0 (B7.10)
% Q-

Solving equations (B7.9) and (B7.10) provides the equilibrium quantity characterized by the
following equation:

= Fp(Q)-Fp(Q2)((v—pa) Fp(Q) +pa) = Fo(Q2)-Fp(QL)-Fp <Qz - gpb) 3

Q:
~ (Fo(Q2)-Fo(@0) + 2 [ o

* Pa

¢ 2py

(Q: — W)dFp(u) - ¢+ pa. (FD@:) g (Q: - p)) 0

O
Before we proceed with more results, we prove Lemma C2.

Lemma C.2. There ezists a unique threshold of snobs, B*, where 1I; < II when f < B*, and
IT; > II% when 5 > B*.

Proof of Lemma C.2: We use distributions with finite support, such as uniform, to prove the
result (verified for general IGFR distributions). The equilibrium profit under Limited Edition
Strategy, II7, increases with 3. Since, the profit difference changes from negative to positive, which
implies that there exists a unique threshold of snobs, 5*, where II} < II¥ when 8 < %, and II} > II?
when 8 > 8*. O

Proposition C.3. If § < 5* then in the RE equilibrium, the firm’s price and quantity choices are
characterized by equations in Proposition 9(2), and all customers can buy in Period 1. However,
if B > PB* then in the RE equilibrium, the firm’s price and quantity choices are characterized by
equations in Proposition 9(1), and only snobs can buy in Period 1.

Proof of Proposition C.3: Follows from the results of Lemma C2. O

Appendix C3: Signaling through Sourcing Investments

Proof of Proposition 10: We show that the threshold level for limited production decreases

c—S8

1
v—s foFD( U_S)ufD(U)du

k+v— P c—s
o fFD1 (V) ufp(u)du

0
Ve € [s,v] from Lemma A2. Showing that the first derivative of 5* with respect to ¢ is non-positive

with the marginal cost of the supply c¢. Recall that * = is defined
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will be sufficient for the argument:

Fol(, /e=s Fol( [e=s @ Fro—s wfn(u)du
opB* \/ﬁ D (\/:)fD( D (\/7))]013( 1 e=s)) fO fD( )
Oc k+v—s -

o VD gy

—— —_ — — c— s_l v—s Fﬁl( 5:::)
Fpl (et o (Fp () b wfp(u)du
D

v— S8 k+vs
k+v—s Fol(y /=2

o V) b () du)?

_ v—8 1 1
 Vk+o-s /=) 2/c— s

(fo UfD(U)dU)2
FRl(\#55) 1Rt (/=) ] Fpt(y/S2) ript (et ]
WU_S/O ufp(u)du — —— /O wfp(u)du

Terms outside the parentheses are positive since s < ¢ < v and D has a non-negative support.
Thus, the last equality is non-positive if and only if terms in the parentheses give non-positive
value. The analysis of the terms in parentheses will provide the sufficient and necessary condition:

Fol(VER>) (ol (/=D Fp'(\/£2) Pt (fa5s)
/ ufp(u)du < /
VEto—s Jo Jo—5 Jo
v—s fo ¥ )ufD( )du FBI(\/ o=s)

< — <
k+v—s F;Y ) - -l c—s = F<bq

Jo” e ufp(u)du Fp (\e5oss)

ufp(u)du

Recall that we provide one sufficient condition in Proposition A3 for the last inequality to hold.
Then, this is sufficient to say that % < 0. We have shown that the threshold level for limited
production decreases with the marginal cost of the supply ¢. Therefore, the threshold level for the
more expensive source, f3;,, is less than the threshold level for the cheaper source, §;,. Simply,

oy < Bi, since cp < cp. O
Proof of Proposition 11: We derive the conditions which dictate the choice of the source by the
profit maximizing firm for the high intensity region. We define v' = v+ k without loss of generality.
(Proof for the low intensity region can be obtained by setting £k = 0 and 8 = 1). To generalize our
results for all demand distributions, we derive the structure of the profit function for changing cost
of the supplier. We show that there exists a global maximum at c*, at least one inflection point
in (c*,v'), and a global minimum at v. Recall IT}; ((¢) from the proof of Lemma A2 that stands
for the optimal profit of the firm experiencing high intensity of snobs under limited production
strategy:

c—s

b (=)
My s(c) = V(c—s)(v' —s 5/ ufp(u)du

IT} . (c) is a continuous function on the closed interval [s, v’], and differentiable on the open interval
(s,v"), where s < v' Note that T} ((s) = 0 and I} ((v') = 0. Then, there exists at least one c*

NS(C)

in (s,v’) such that = 0 by the mean value theorem. Now that we show there must be at
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least one extreme point within (s, v’), the next step is to show that there can only be one extreme

point which is a global maximum in (s,v"). We check the first derivative of IT};  (c) with respect to
c:

c—s —1 c—s
=] TN a1 <2 =)

n—1 c—s F‘—l c—S
B s —_ 4, lc—=8. - ,=_1, [c—s Fp (\o=) _ BEp ( v'—s
= sV [ e =+ | Fp(u)du .
(Int. by parts)

B / b vc—se) —_q c— S
_ B — BF

2V c—s Fp(u)du = BFp v =3

4 * 3 81_IN s(c )

Any extreme point ¢* in [s, '] must satisfy —2 0

Fot(y5=2) _ _ c*—s ct—s
Fp(u)du = 2F1 B7.11
/0 D(u) u D (\/U’—s) \/v/_s ( )

We check the sign of the second derivative of ITy s(c) with respect to ¢ the extreme points:

P*lns(c) B 1 v —s [T ) 1
Pllvale) _ 8 <_ [ du-l—)))

Oc? (c—s)(v —s) c—s Jo fo(Fpt( /<=

v/ —s

Plns(cr) 1 B v —85_ -1 ct—s c*—s 1
T - Z (c*—s)(v/—s) (C*—stD ( ’U'—S) v/_8+fD(FBl( c’;s))) (by (B’?'ll))

1 8 2R (o) !
T4 (c*—s)(v’—s)( c*—s +fD(751( c*—s)))

v/ —s v/ —s

Terms outside the parentheses are positive since s < ¢ < v’. Thus, the sign of the last equality is
dictated by the terms in the parentheses. We define F_’E ! (, / C*_s> = £*. Note that gi: < 0. The

v —s

analysis of the terms in the parentheses reveals the following result:

e o(FRt(\/5=2)) Fp(€)  fp(&)  fp(&) Fp(&*)

Hence, the structure of the function at the potential extreme point is dictated by the following
conditions:

. % < 0 if and only if fﬁf(?f)* >3
. % > 0 if and only if fFlgg(S)*é)* <3
% = 0 if and only if fD@( )> =3
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Recall that the demand in our model has an increasing generalized failure rate (IGFR) property.
Then, when we move from a potential extreme point to a higher potential extreme point, g(£*)
must decrease since £* decreases with ¢*. This property eliminates the possibility of more than one
combination of local maximum and local minimum in (s, v’).

Ol s(s)

We know that Ty (s) = 0, I} ((v') = 0 and I} ((¢) > 0 in (s,v'). Note that =5~ and

2
FNNs(8) 416 undefined so the function might be tangent at s since we know that the function

Oc?
. . . . . . . %Iy 4 .
is continuous and differentiable in (s,v’). Since lim,_, 4+ #(C) < 0, the function can only be

increasing concave after s. Having increasing concave structure Ve € (s, s+ ¢) implies that the first
extreme point in (s,v') can either be an inflection point or a local maximum.

It is easy to show that the first extreme point can not be an inflection point by contradiction.
Having inflection point first as an extreme point would imply that there exists no local maximum
since ¢g(£) can not attain values larger than 1/2 anymore. This contradicts with the fact that
function returns back to 0 at v’. Thus, the first extreme point must be a local maximum which
we state as ¢*. Since there is no possibility of more than one combination of local maximum and
local minimum in (s,v"), next possible set of extreme points after ¢* is a set of inflection points
plus a local minimum point. In fact, it can be immediately shown that there exists at least one
inflection point in (¢*,v") by the mean value theorem. Hence, the unique local minimum is v’ since
Mus(®) _ g and 22500 5 ¢,

We have shown that II}; ; reaches a global maximum at c*, has at least one inflection point in
(¢*,v"), and reaches a global minimum at v/. Therefore,

L. If (g >)er > ¢* then Iy (cr) > Iy ((cn). [Region DJ
2. If (ep <)en < ¢ then Iy (cp) < 1Ty ((cn). [Region A]
3. lfep <" <cp < cequat then Iy (cp) <11y ((cn). [Region B]
4. If ¢, < ¢* < Cequal < ¢y then H7V7S(CL) > H?V’S(CH). [Region C]

where H}k\;’S(CL) = H?V,S(CH) when cg = Cequal - H

31



